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ABSTRACT

Sequential Monte Carlo (SMC) algorithms are based on im-

portance sampling (IS) techniques. Resampling has been in-

troduced as a tool for fighting the weight degeneracy prob-

lem. However, for a fixed sample size N , the resampled par-

ticles are dependent, are not drawn exactly from the target

distribution, nor are weighted properly. In this paper, we re-

visit the resampling mechanism and propose a scheme where

the resampled particles are (conditionally) independent and

weighted properly. We validate our results via simulations.

Index Terms— Importance sampling, resampling proce-

dures, sequential Monte Carlo.

1. INTRODUCTION

Let us consider a hidden (resp. observed) process {Xk}k≥0

(resp. {Yk}k≥0). We assume that {(Xk,Yk)}k≥0 is a hid-

den Markov chain, i.e. that

p(x0:k,y0:k)=p(x0)

k∏

i=1

fi|i−1(xi|xi−1)

k∏

i=0

gk(yi|xi). (1)

In many applications we are interested in computing a mo-

ment of the pdf p(xk|y0:k) (or pk|k in shorthand notation) of

Xk given the past observations y0:k = {yi}ki=0.

However, computing pk|k is often impossible in practice,

and many approximate solutions have been proposed. Among

them, SMC algorithms propagate over time a weighted dis-

crete approximation p̂k|k =
∑N

i=1 w
i
kδxi

k
of pk|k. The popu-

lar Sampling Importance Resampling (SIR) algorithm [1] [2]

relies on a conditional importance distribution q(xk|x0:k−1,
y0:k) from which particles are sampled; these particles are

weighted to correct the discrepancy between p(x0:k|y0:k)
and q(x0:k|y0:k); finally, an optional resampling step aims

at struggling against the degeneration of the weights by dis-

carding particles with weak weights and replicating those

with large weights. After this step, all particles are weighted

uniformly with 1/N .

In this paper, we do not discuss the choice of the impor-

tance distribution q(xk|x0:k−1,y0:k) [2] [3] nor that of the

resampling scheme [4] [5], but we rather revisit the combi-

nation of the sampling, weighting and resampling steps as

a unique step. Starting from a set {wi
k−1,x

i
k−1}

N
i=1 which

approximates pk−1|k−1 and from a given importance distri-

bution q(xk|x0:k−1,y0:k), we first recall that the classical

(multinomial) resampling step produces a conditionally de-

pendent set { 1
N
,xi

k}
N
i=1. Alternately, we propose a scheme

which produces a properly weighted (from an IS point of

view) set of conditionally independent particles {wi
k,x

i
k}

N
i=1,

and in which particles xi
k and xi

k share the same marginal dis-

tribution. The paper is organized as follows. In section 2 we

revisit the original (static) SIR mechanism of Rubin [6] and

we display the distribution from which are drawn the final

samples; we improve this mechanism from IS considerations,

and apply it to SMC algorithms in section 3; section 4 is de-

voted to simulations, and we end this paper with a conclusion.

2. IMPROVED SIR MECHANISM: THE STATIC

CASE

2.1. Our method

Let π(x) ∝ p(x) be a pdf known up to a constant. Our aim

is to obtain M samples according to π(x) and/or to compute

moment

Θ =

∫
f(x)π(x)dx. (2)

If sampling directly from π(x) is impossible, one can resort

to IS and next to resampling. Let q(x) be an importance dis-

tribution. Rubin’s SIR mechanism consists of three steps [6]:

S. for all i, 1 ≤ i ≤ N , x̃i ∼ q(x);

W. for all i, 1 ≤ i ≤ N , wi ∝ p(x̃i)/q(x̃i),
∑N

i=1 w
i = 1;

R. for all i, 1 ≤ i ≤ M , xi ∼
∑N

j=1 w
jδ

x̃
j .

When N → ∞, each sample xi becomes drawn from π(x)
[7]. Of course, if the objective is to compute an estimate of

Θ in (2), it is well known that one should use the weighed set

{wi, x̃i}Ni=1 rather than the resampled one { 1
M
,xi}Mi=1. How-

ever, in the particle filtering (PF) context the set { 1
M
,xi}Mi=1

plays a key role since it struggles against the degeneration of

the weights and aims at recreating diversity for the subsequent

time iterations; consequently we here focus on the statistical



properties of the resampled set {xi}Mi=1. For a given N , each

sample xi is indeed distributed according to

q̃(x) = Nh(x)q(x), (3)

h(x) =

∫ p(x)
q(x)

p(x)
q(x) +

∑N−1
i=1

p(zi)
q(zi)

N−1∏

i=1

q(zi)dzi. (4)

However, it is clear that the resampling step introduces de-

pendency among the final samples. At this point, two remarks

naturally arise:

1. if we had at our disposal a set {xi}Mi=1 of i.i.d. samples

drawn from q̃(x), then for any function f(.) the MC

estimate Θ̃ =
∑M

i=1
1
M
f(xi) of (2) would outperfom

that built from the SIR algorithm Θ̂ =
∑M

i=1
1
M
f(xi).

Indeed, both estimates have the same mean but [8]

var(Θ̂)=var(Θ̃)+
M − 1

M
var

(
N∑

k=1

wkf(x̃k)

)
; (5)

2. although Θ̃ has a lower variance than Θ̂, it may not be

optimal to weight i.i.d. samples {xi}Mi=1 with 1/M ;

from an IS perspective, xi should be weighted by wi ∝
p(xi)/q̃(xi),

∑M
i=1 w

i = 1. However, a closed form

expression of q̃ in (3) is not available.

These two points are actually connected. Indeed, let us

start with the second one: a natural way to approximate inte-

gral h(x) (and finally q̃(x)) in (4) is to consider a local MC

method which relies on M samples drawn from
∏N−1

i=1 q(zi).
So let {x̃i,j}, with 1 ≤ i ≤ N and 1 ≤ j ≤ M , be M × N
i.i.d. samples drawn from q(.) (the reason why we takeM×N
and not M × (N−1) will be clearer below). An MC estimate

of q̃(x) reads

q̂(x) = q(x)×
N

M

M∑

j=1

p(x)
q(x)

p(x)
q(x) +

∑N−1
i=1

p(x̃i,j)
q(x̃i,j)

. (6)

Next it is possible to produce M i.i.d. samples drawn from

q̃(x) by applying M SIR steps, but resampling one particle

per step:

W. for all (i, j), 1 ≤ i ≤ N , 1 ≤ j ≤ M , set wi,j ∝

p(x̃i,j)/q(x̃i,j),
∑N

i=1 w
i,j = 1;

R. for all j, 1 ≤ j ≤ M , xj ∼
∑N

i=1 w
i,jδ

x̃
i,j .

In summary, we get a set of M samples {xj}Mj=1 drawn in-

dependently from q̃(.). The M(N − 1) extra samples that

were drawn for producing that set are next recycled to approx-

imately compute q̃(xj), which in turn enables us to weight

particles {xj}Mj=1.

2.2. An illustrating example

In this section, we set N = M and we illustrate the gain

induced by using independent resampling, and moreover by

post-weighting the resampled particles with p
q̃

weights rather

than with uniform weights. First note that our independent

resampling scheme requires an extra computational cost as

compared to the classical SIR mechanism. It requires N2

sampling steps and N resampling ones, while the classical

SIR mechanism needs N sampling steps and N resampling

ones. Consequently, we will also compare our method with

a classical SIR procedure in which the final set of N points

is resampled from N2 intermediate samples. Note that in this

case, the SIR algorithm produces N points identically (but

not independently) distributed according to pdf q̃ in (3)-(4)

but in which N is replaced by N2. As a toy example let us

consider a scalar linear Gaussian model p(x) = N (0, QG),
p(y|x) = N (x,RG), and π(x) = p(x|y) ∝ p(x)p(y|x). We

average the RMSE values over 1000 MC runs.

N (number of post-resampling particles of independent SIR)
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Fig. 1. Linear Gaussian model with QG = 5 and RG = 1. In-

dependent SIR algorithms use N2 intermediate particles and

independently resample N of them to build the estimators.

Figure 1 first shows, as expected, that replacing the de-

pendent samples produced by the classical SIR mechanism by

independent samples drawn from q̃ improves the performance

of the MC estimator of (2). Moreover, reweighting these inde-

pendent samples with (approximated) p
q̃

weights further im-

proves the performance. Other simulations have shown that

with lower process noise variance QG or higher measurement

noise varianceRG, the gain induced by using p
q̃

weights rather

than uniform weights decreases. On the other hand, when re-

ducing the measurement noise, the gain increases, up to a cer-

tain point where the p
q̃

weights become poorly estimated; in

which case the performance of the independent SIR estimator

with p
q̃

weights drops. Moreover, it can be seen that in this

model a dependent SIR estimator using N2 particles but re-

sampling only N of them will have a better performance than



an independent SIR estimator with uniform weights; yet the

independent SIR estimator using post-resampling weights p
q̃

remains the best solution.

3. APPLICATION TO SMC ALGORITHMS

3.1. The classical SIR algorithm

Let us start from {wi
k−1,x

i
k−1}

N
i=1 which approximates

p(xk−1|y0:k−1). The classical SIR algorithm is an adap-

tation of Rubin’s SIR mechanism recalled in section 2.1. The

main difference is that the IS distribution is now a condi-

tional IS one q(xk|x0:k−1,y0:k). We introduce the following

notations: let

pi(x) = wi
k−1fk|k−1(x|x

i
k−1)gk(yk|x), (7)

qi(x) = q(x|xi
k−1,y0:k). (8)

The SIR algorithm consists of the three following steps:

S. for all i, 1 ≤ i ≤ N , sample x̃i
k ∼ qi(x);

W. for all i, 1 ≤ i ≤ N , set wi
k ∝ pi(x̃

i
k)

qi(x̃i
k
)
,
∑N

i=1 w
i
k = 1;

R. for all i, 1 ≤ i ≤ N , sample xi
k ∼

∑N

j=1 w
j
kδx̃j

k

.

The final set {xi
k}

N
i=1 is then approximately sampled from

p(xk|y0:k) [9] [10].

Let us now adapt section 2.1 to the SMC context. Given

{xi
k−1}

N
i=1, each xi

k is now drawn from q̃k(x|{xi
k−1}

N
i=1) (or

q̃k(x) in shorthand notation) where

q̃k(x) =

N∑

i=1

hi(x)qi(x), (9)

hi(x) =

∫
pi(x)/qi(x)

pi(x)
qi(x)

+
∑

j 6=i

pj(xj)
qj(xj)

∏

j 6=i

qj(x
j)dx1 · · · dxj . (10)

3.2. Our improved SIR algorithm

Our objective is to obtain samples from q̃k which are i) condi-

tionally independent and ii) properly weighted. Let us begin

with the first point. So let {wi
k−1,x

i
k−1}

M
i=1 be an approxi-

mation of pk−1|k−1 (we use variable M to distinguish from

the number of particlesN of the classical SIR algorithm). The

following procedure produces samples which are independent

given {wi
k−1,x

i
k−1}

M
i=1:

S. for all (i, j), 1 ≤ i, j ≤ M , sample x̃
i,j
k ∼ qi(xk)

W. for all (i, j), 1 ≤ i, j ≤ M , set wi,j
k ∝

pi(x̃
i,j

k
)

qi(x̃
i,j

k
)
,

∑M

i=1 w
i,j
k = 1;

R. for all j, 1 ≤ j ≤ M , sample x
j
k ∼

∑M
l=1 w

l,j
k δ

x̃
l,j

k

.

Remark 1 Let us note that our approach is clearly distinct of

the “local resampling” of [11] in which one particle from each

{qi}
M
i=1 is always selected at the R step.

Remark 2 One can easily adapt (5) to the sequential case; so

starting from a common set {wi
k−1,x

i
k−1}

M
i=1, the estimate

deduced from the unweighted and conditionally independent

set {xj
k}

M
j=1 has the same conditional mean but a lower con-

ditional variance than that deduced from the set produced by

the classical SIR algorithm {xj
k}

M
j=1.

Let us now discuss point ii) above, i.e. how to properly

weight these independent samples. Computing q̃k(.) directly

would require a large computational cost due to the sum in

(9). However one can use the “auxiliary trick” (see e.g. [12]

[13]). Observe that our final importance distribution q̃k(x)
can be rewritten as

q̃k(x) =

M∑

i=1

∫
hi(x)qi(x)dx ×

hi(x)qi(x)∫
hi(x)qi(x)dx

. (11)

So q̃k(x) coincides with a mixture with weights
∫
hi(x)qi(x)dx

(the ith weight is also the expectation of the i-th normal-

ized importance weight given {xi
k−1}) and pdf components

hi(x)qi(x)∫
hi(x)qi(x)dx

. Consequently, the final particles {xj
k}

M
j=1 can

be seen as the result of a sampling mechanism, in augmented

dimension, from

∫
hi(x)qi(x)dx ×

hi(x)qi(x)∫
hi(x)qi(x)dx

.

So let us consider an auxiliary variable ij associated to our

sample x
j
k such that Pr(ij = l|{x̃n,j

k }Mn=1) = wl,j
k . The final

weight wj
k associated to x

j
k reads [12]

wj
k=

wij

k−1fk|k−1(x
j
k|x

ij

k−1)gk(yk|x
j
k)

hij (x
j
k)qij (x

j
k)

=
pij (x

j
k)

hij (x
j
k)qij (x

j
k)
.

As in the static case, hi(x) can be estimated by recycling the

M2 intermediate samples x̃i,j ,

hi(x) ≈
1

M

M∑

l=1

pi(x)/qi(x)

pi(x)
qi(x)

+
∑

j 6=i

pj(x̃
j,l

k
)

qj(x̃
j,l

k
)

. (12)

Remark 3 If the conditional importance distribution is

the so called optimal one, i.e. if q(xk|x0:k−1,y0:k) =
p(xk|xk−1,yk), then our algorithm reduces to the fully

adapted auxiliary PF (see [12]). In that case hi(x) =
p(yk|xi

k−1) and no longer depends on x. Remember how-

ever that in HMC models (1), p(xk|xk−1,yk) is generally

not available.
4. SIMULATIONS

We now validate our algorithm via simulations, and in partic-

ular highlight under which conditions using post-resampling



weights is beneficial in the dynamic case. As far as computa-

tional cost is concerned, the classical (resp. independent) SIR

algorithm uses N (resp. M2) sampling steps and N (resp.

M ) resampling ones in order to obtain an approximation of

size N (resp. M ). So we compare the algorithms with M
and N satisfying M2 +M = 2N , in order for them to have

the same overall sampling/resampling budget. Figures dis-

play the RMSE between our estimators and a reference es-

timator calculated using a classical sequential SIR algorithm

with 106 particles. We consider T = 10 time steps and av-

erage our RMSE values over these time steps as well as over

1000 MC runs.

Let us consider a target tracking model with polar coordi-

nates

xt = Ftxt−1 + ut

yt =

(√
x2
x,t + x2

y,t

arctan
xy,t

xx,t

)
+ vt

where uk ∼ N (04,Q) and vk ∼ N (02,R) with

Q = σ2
Q
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Fig. 2. Polar target tracking model with σQ = 2, σρ = 0.1
and σθ = π

1800 . The RMSE is displayed with respect to the

number of particles used for independent PF; the dependent

PF uses N = M2+M
2 particles so that computational costs are

comparable.

Figure 2 compares a dependent PF using N2+N
2 particles

to an independent PF with N particles. In this scenario mea-

surements are very informative; as a result, for a low number

of particles the independent PF keeps a good particle diver-

sity, and thus outperforms the dependent resampling method
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Fig. 3. Polar target tracking model with σQ = 10, σρ = 1
and σθ = π

180 . The RMSE is displayed with respect to the

number of particles used for independent PF; the dependent

PF uses N = M2+M
2 particles so that computational costs are

comparable.

which suffers from particle degeneracy; but on the other hand,

it is difficult to approximate the integral in (10) and so the

weights p
q̃

suffer from a poor quality of q̃ MC estimation.

On the other hand Figure 3 considers a scenario where

measurements are not so informative, and in this case un-

weighted independent resampling yields less performance

gain as compared to dependent resampling. However, here

the p
q̃

weights are well estimated and as a result the p
q̃

estima-

tor outperforms the classical PF estimator.

5. CONCLUSION

In this paper we proposed a resampling mechanism which

enhances particle diversity in SMC algorithms. We first ob-

served that the resampling step of an SIR algorithm produces

unweighted and conditionally dependent particles drawn

from some mixture distribution. Starting from this observa-

tion, our resampling mechanism produces samples which are

drawn from that same mixture distribution, but are properly

weighted (from an IS point of view) and conditionally in-

dependent. Even though these weights cannot be computed

exactly, they can be approximated by a local MC method

which recycles the extra samples used for producing the inde-

pendent particles. Simulations showed that in models where

the approximation based on this local MC method is valid,

the properly weighted estimator outperforms the uniformly

weighted one. In addition, when the number of samples is

small in the classical SIR approach (100-1500 particles) our

approach performs better for the same computational cost.
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