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A CLEAN WORKSPACE

After installing RODIN and checking for updates you glichave a clean
workspace, which looks something like this:
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A NEW PROJECT

Now we wish to create a new project; and there are pleltways of doing this
(as there always is in RODIN):

New Event-B project
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Give the Project a Name (likelet r oduct i on »)

R |
New Event-B Project
This wizard creates a new (empty) Event-B Project in the current Workspace
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Now add a Context component to our project (in order to do some
mathematics)
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We have differentiewson our models (contexts and machines)
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Now for a simple property about sets applied to « people »:

CONTEXT
SomeSets

SETS
PERSON

CONSTANTS
Male
Female

AXIOMS
axml : Male c PERSON Ve All males are persons
axm2 : Female = PERSON \ Male /S Any person who is not male Is female
axms : PERSON = Male u Female sS4 A person is either male or female

END
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Use the editor view to specify the required properties about these sets
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We have a newroof Obligation that has appeared automatically
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We can open the Proving per spectiveto try to prove axma3
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This shouldnt be so hard for a prover to Prove automatically

- A} d = =S |
Uil s J Lol "=IEY
File Edit Navigate Search Project Run EditorMenu Window Help
|
mid iR Brfveere-ia & (3 Proving ) ® £~
(I« Proof Tree 53 = 0)/@ SomeSets @ SomeSets 3 =Bk Event-B Explorer 3 =0
BB S -o arriss r=pTE——
§ c|lmB axm3/THM Bl @
7 eh (Female=PERSON \ o
© PERSON=Maleu (PERS = Introduction
@5omeSets
4 Carrier Sets
< Constants
#,Axioms
@ Proof Obligations
@ axm3/THM
ew$
ce MalecPERSON
Oe Female=PERSON \ Male
State|
[ Goal &1 ~=0
'Y PERSON=Maleu(PERSON \ Male)
Pl \\ V) Symbols &2 =
/ 1 2
I |[® Proof (’imml 52O statistics| (22 Rodin Problems| ®~ =0
\ ":'v‘)vﬂt;haa!/ ] FEEo0 % %
\ ’
< @
N
~ 14
« il J Sl A Y - -
N
0% @ & & & New current obligation \
N\
\\
N\,
\

\
3

Launch nPP (with all hypotheses)
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Now we save the proof and return to the Event-B context
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You have proven your first property about a context
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Let’'s add some more sets to our context.
Imagine that we wish to build a context that models family relations

The types of concepts that we need are:

*Mother,
*Father,
*Parent
*Child,
*Brother,
Sister,
*Sibling,
sAncestor,
*Descendant

TO DO: See how many of these you can model using just sets
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Parents — the set of people who are mothers or fathers is prettyegasy

CONTEXT
SomeSets

SETS
PERSON

CONSTANTS
Male
Female
Mothers
Fathers
Parents

AXIOMS
axml : Male ¢ PERSON Vo4 All males are persons
axmz : Female = PERSON \ Male S/ Any person who Is not male is female
axm3 : PERSON = Male u Female s/ A person Is either male or rfemale
axmd : Mothers c Female
axmd : Fathers < Male
axmb : Parents = Mothers u Fathers

END

But, it is not clear how to model the other concepts (if it is
indeed possible) without introducing relations between sets
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RELATIONS

If a set A is given explicitly, it is immaterial in which order the
elements of A are listed, e.g. the set {X, y} is the same as the set
{y, x}. In many instances, however, one would like, and, indeed,
needs, to have sonmeder

in the appearance of the elements.

We neecto capture the notion orderinc using Setsyntay and
semantics.

(&3]
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RELATIONS

Definition Let A be a set:

1. Ais called asingletonif A = {x} for some x, i.e. if A has
exactly one element.

2. Alis called aminordered pajif A = {x, y} for some x, y, if A
has exactly two elemen

3. Ais called amrdered paiif A = {{x}, {x, y}} for some X, V.

We shall usuallyabbreviate the right hand expression by
<X, y> = {{x}, {x, y}}

[}
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RELATIONS

The decisive property afrdered pairss that two ordered pairs are
equal if the respective components are the same.

Theorem Let <a, b> and <c, d> be ordered pairs.

Then <a, b>=<c, d>if and only ifa=cand b = d.

Remark. The expression “if and only if” means t
1.1f<a, b>=<c,d> thena=candb =d.
2.Ifa=candb =d, then <a, b>=<c, d>

So, we have to prove two directions, namely 1. and 2.

Usually, “if and only if” is abbreviated as simplyf”.

QUESTION Can you prove this?

~
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RELATIONS

Definition The Cartesian (or cross-) produsix B of two sets is
defined as:

AxB={<a,b>:acA, beB}

This definition can be generalised to more than 2 sets (but we wont do
this at the momer

QUESTION
eIs it possible that Ax B =B x A?
If A has n elements and B has m elements, how many elements
does A x B have?

oo
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RELATIONS
Definition
Any subset of A x B is called a relation between A and B

Any subset of A x A is calledi@elation on A

Since a relation R on Ais a subset cx A, it is an element of tt
powerset of Ax A, i.e. E b(A x A).

If R is arelation on Aand <x, yR,

then we also write:
* XRy, read as “x is in R-relation to y”, or simply
» X is in relation to y, if R is understood.

©
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RELATIONS: pictorial representations

For small sets we can use a pictorial representation of arelaton A

Sketch two copies of A and, if xRy then draw an arrow from the x in the
left sketch to the y in the right sketch.

Example,

o 9
o 9

LetA={a, b, c, d, e}, and

(@)
@)

R ={<a, a>, <a,c>, <c,a>, <d,b>, <d,d>}

o
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RELATIONS: definitions

Definition. Let R be a relation on A. Then,

domR={x € A: There exists some& A such that <x, yg R}.
domR is called thdomainof R.

ranR={y € A: There exists some&A such that hx, ye R}
is called theangeof R.

Finally, fldR = domRuU ranR is called the field of R.

Note:
domR, ranR, and fldR are all subsets of A.
«Sometimes they are written dom, ran and fld (when R is
implicit in context of use)

(==Y
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RELATIONS: definitions

Definition. Let R be a relation on A. Then,
R™={<y, x> : <x, y>€ R} is called theconversef R.
We obtain the converse R™ of R if we turn around all the ordered

pairs of R, ie if we have a pictorial representation of R, this means
that all existing arrows are reversed.

- R . a ¥ e
b b b b
c . c c
d q d— .d
o . e e

N
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RELATIONS: definitions

Definition: composition
Let R and S be relations on A; then
RS ={<x, z>: there is a & A such that xRy and ySz}.

The operation is called thecompositionor therelative producof R
and S

w
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RELATIONS:

Ordering relation example

let A= N and let R be the relation defined by <x,yR iff x <v;
we note thak (or R) has the properties that for all x, ¥ A:

1. x<x,

2. 1fx<yand y<xthenx =Yy,

3. If x<yand y<zthen x< z,

4. x<yory<x, ie.any two elements of N are comparable with
respect te.

=
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RELATIONS: ordering definitions

1. R isreflexiveif <x, x> € R for all x€ A.

2. R isantisymmetridaf for all x, y € A, <x, y>€ R and <y, x>€ R
implies x =y.

3. Ristransitiveif for all X, y, z€ A, <x, y>€ R and <y, z>€ R
implies <x, z>€ R.

4. R is apartial orderon A, if R is reflexive, antisymmetric, and
transitive.

Sometimes we will call a partial order on A just@ader on A, or an ordering
of A.

5. Ris dinear ordemon A if R is a partial order, and xRy or yRx for
all x, y e A, i.e. if any two elements of A are comparable with
respect to R.
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RELATIONS: ordering definitions

If R is an ordering relation on A, then we usually wxtéor a
similar symbol) for R, i.e.

X <y iff XRy

If <is apartial ordeon A, then we call the pair <A, > a
partially ordered seor just arordered set

Furthermore, iK is a linear order, then
<A, <> s called dinearly orderedet or achain

PROBLEM:

LetA={1, 2, ..., 10} and define the relation # on A by x#y iff X
is a multiple of y. Show that # is a partial order on A and draw its
diagram
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RELATIONS:. Equivalence Relations

Definition: A relation R on a set A is callegmmetricif
<a, b>e R implies <b, a>R for all a, 6 A;

in other words, R isymmetricif R = R".

Definition R is called arequivalenceelation if R is reflexive,
transitive and symmeti

The importance of equivalence relations lies in the
fact that they induce a grouping of the base set into
subsets.

~
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RELATIONS: Equivalence Relations

Definition: Let A be a non-empty set. A family P of non-empty
subsets of A is calledartitionof A, if every element of Ais in
exactly one element of P.

In other words,

1. Forall S, Te Pwe have $ T =0,
2. The union of all elements of P is

The elements of the partition are called ¢heesseof P. Apartitionof
Ais also called alassification

If P is a partition of A, and if its classes ardiied by certain properties, then each
element of a specific class has the property whefines the class; in other words
all the elements of a class are indistinguishabkgaoivalent with respect to the
defining property of the class.

oo
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FUNCTIONS

Definition: A function is an ordered triple <f, A, B> such that:
1. A and B are sets, an&fA x B,
2. For every »x A there is some ¥ B such that <x, y>x f
3. If <x, y>€ f and <x, z>€ f, then y = z; in other words, the
assignment is unique in the sense that € A is assigned &

most one element of B.

A is called thedomainof f, and B itscodomain

©
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FUNCTIONS
Definition:

A partial functionfrom X to Y is a function f: XY, where X' is a
subset of X.

It generalizes the concept of a function by not forcing f to map every
element of X to an element of Y (only some subset X).

If X' =X, then fis called a total function and is equivalent to a
function (as defined previously).

Partial functions are often used when the exact domain, X', is not
known .

o
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FUNCTIONS

Notation:

It is customary to write the function <f, A,B> as
f:A—>B

Also, if <x, y>€ f, then we will usually write
y = f(x)

and call y themageof x under f.

The set {ye B : There is an x A such that y = f(x)}
is called theangeof f.

(=Y
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FUNCTIONS

If for a function f : A— B it is clear what A and B are, we

sometimes call the function simply f, but we must keep in mind that
a function is only properly defined if we also give a domain and a
codomain!

Definition Let f : A— B be a functior

1. If A= B and f(x) = x for all X2 A, the fis called th&dentity
function on A, and it is denoted by»

N
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FUNCTIONS

Definition Let f : A— B be a function.

If A € B and f(x) = x for all xe A, then f is called thenclusion
function from A to B, or, if no confusion can arise, simply the
inclusion.

If A =B and f is the inclusion, then f is in fact the identity o
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FUNCTIONS

DefinitionsLet f : A— B be a function.

If f(X) = x for some xe A, then x is called &xed pointof f.
If f(x) = b for all x € A, then fis called aonstant function
If g : C— D is a function such that< C, B< D, and fC g,

then g is called aaxtensiorof f over C, and f is called the
restrictionof g to A.
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FUNCTIONS

Definition
Letf: A— B and g : C— D be functions such that
ran f€ dom g.

Then the function ef : A — C defined by (¢ f)(x) = g(f(x)) is
called the(functional) compositioof f and g.

Lemma Letf:A— B, g:B— C, h: C— D be functions. Then,
he(gef)=(heg)ef,

I.e. the composition of functionsis associative
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FUNCTIONS

DefinitionsLetf: A— B

fis calledontoor surjectiveif codom f = ran f. If f is surjective,
we sometimes indicate this by writing

f:A - B.

fis calledone—oneor injectiveif for all x, y € A, f(x) = f(y) implies
x =Y. If fis injective, we sometimes indicate this by writing

f:A— B.

fis calledbijectiveif f is onto and one-one
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FUNCTIONS

d—d a——d a4 ——(
b———e¢ b——=+€ b——¢
C / f  C¢——f
Surjective Injective Bijective

QUESTION Give an example of these types of function
over the sets gieople

~
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FUNCTIONS

Definition Let f: A— B and g : B — A be functions;
g is called the inverse of f, if g(f(x)) = x for allA.

Itis often written as:  f~!

In other words, g is an inverse of f, if and only o f =ida

Theorem f : A — B has an inverse
if and only if
f is injective
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FUNCTIONS

Definition

LetA={1,2,3,...,n},and f: A— A be a bijective function;

then f is called @ermutatioron n.

QUESTION for a set with N elements then how many

permutations exis

CODING TASK: Write a program to generate all the
permutations of a set of integers, and to count the number
generated. Does your program verify your answer to the

guestion, above?
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Let us return to the family in RODIN to trv and model the relationships

CONTEXT
SomeSets

SETS
PERSON

CONSTANTS
Male
Female
Mothers
Fathers

_____
———————
- ~

{ FatherOf )
\

S ParentOf -’

AXIOMS

axml : Male ¢ PERSON Vi All males are persons

axmz2 : Female = PERSON \ Male /7 Any person who is not male is female
axm3 - PERSON = Male u Female /7 A person is either male or female

axmd : Mothers ¢ Female
axmd : Fathers c Male

axmo : _Eﬁ:en@s’é'ﬂothers u Fathers
axmlf‘:’ MotherQf € PERSON — Mothers Ve

a{ya : Father0Of € PERSON — Fathers /7 All persons have a single Father 1

-~
——
-~
-
_---————--————_
-

END

-
______
-~
-
-~
~
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TO DO (before next week):
Attempt to add new family relations to the axioms
Attempt to introduce new theorems

Can the prover discharge the proof obligations automatically?

A sample solution to this problem will be put on-line before the
next session; but you should try it for yourselves.

The next 2 sessions are practical work with RODIN involving
sets and relations. They will be taught by Jean-Luc Raffy (the
director of the MSc SAI)
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