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How to Use Propositional Logic?

Problem: Determine the validity of the following reasoning

« Paul can eat if he has cooked a meal in the last 30 minutes and
he is hungry. He is hungry provided he has not eaten in the last 15
minutes and in the last 30 minutes he has not done any sport.

If he is doing sport he cannot cook a meal at the same
time.Therefor if Pauldid notea he hac alread: eatel in the last

15 minutes or he did sport in the last 30 minutes »
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Formalising the reasoning using the set BOOL ( {TRUEFALSE}) in Event-B

CONTEXT
/7 Determine the validity of the following reasoning
S/« Paul can eat If he has cooked a meal in the last 30 minutes
) /7 and he iIs hungry. He Is hungry provided he has not eaten In the
WhyIsPaulNotEating /7 last 15 minutes and in the last 30 minutes he has not done any sport.
/7 If he is doing sport he cannot cook a meal at the same
/7 time.Therefore If Paul did not eat he had already eaten
/7 In the last 15 minutes or he did sport in the last 30 minutes »
CONSTANTS
P_Eating /7 Paul is eating
P_Cooked /7 Paul has cooked a meal in the last 30 minutes
P_Hungry /7 Paul Is hungry
P_Eaten s/ Paul has eaten in last 15 minutes
P_Sport /7 Paul has done sport in last 30 minutes
AXIOMS
axml : P_Eating € BOOL /7 Paul Is eating
axm2 : P_Cooked € BOOL /7  Paul has cooked a meal in the last 30 minutes
axm3 : P_Hungry € BOOL /7 Paul 1Is hungry
axm4  : P_Eaten e BOOL /7 Paul has eaten in last 15 minutes
axmd : P_Sport € BOOL /7 Paul has done sport In last 30 minutes
6 . (P_Eating = TRUE) = /7 Paul can eat iIs he has cooked a meal in the last
axm : ({P_Cooked = TRUE) A /7 30 minutes and he is hungry
(P_Hungry = TRUE))
(P_Hungry = TRUE)= /7 Paul 1Is hungry If he has not eaten in the last
axm? H ((P_Eaten = FALSE a Vs 15 minutes and he has not done sport in the
P_Sport = FALSE)) V74 last 3@ minutes
axms R = ((P_Sport = TRUE) A V74 If he is doing sport he cannot cook a meal
(P_Cooked = TRUE) ) S/ at the same time
- (P_Eating = TRUE) = /7 If Paul did not eat he had already eaten
axmg B ((P_Eaten = TRUE) v Vs in the last 15 minutes or he did sport
(P_Sport = TRUE) ) /7 In the last 30 minutes
-=( = (P_Eating = TRUE) = /7 not (If Paul did not eat he had already eaten
axml@  : ((P_Eaten = TRUE) v s/  In the last 15 minutes or he did sport
(P_Sport = TRUE) ) ) V74 in the last 30 minutes)
END

NOTE: The importance
of the prescise
interpreation othe
natural language texin
particular words such as:
can, should, could, must,
may.

Intuitively, the reasoning
(expresse in theoren
axm9 must be false as
nothing obliges Paul to
eat (or cook).

We will see this when we
launch the Rodin prover
on this theorem ...
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Formalising the reasoning using the set BOOL ( {TRUEFALSE}) in Event-B

T Proof Tree %2 R (T ) @ &
1) sJ.mp'llﬁcanc‘n rewrites axmg/THM
7 type rewrites
7 = goal
7 eh (P_Eating=FALSE)
? simplification rewrites
7 v to = in goal
7 = goal
7 ct goal
7 = hyp mt (P_Hungry=TRUE=P_Eaten=FALSEAP_Sport=FAl
2 ct goal
7 remove — in -(P_Sport=TRUEAP_Cooked=TRUE)
7 v to = in -P_Sport=TRUEvV-P_Cooked=TRUE
7 = hyp mt (P_Sport=TRUE=~P Cooked=TRUE)
7 ct goal
2 sl/ds
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0L One P_Eating=FALSE

Wi Oa P Eaten=FALSE
0e P_Sport=FALSE
Oe = P_Cooked=TRUE
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% Proof Control % [ Statistics| (21 Rodin Problems|
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The prover
shows that the
theorem is false
when Paul is
not eating, he
has not eaten,
~ he has not done

sport and has

@ = nhot cooked
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Alternatively, we can also use the prover directly
to show that the reasoning is wrong

CONTEXT

/7 Determine the validity of the following reasoning

/7S« Paul can eat If he has cooked a meal in the last 30 minutes

S/ and he is hungry. He Is hungry provided he has not eaten in the
WhyIsPaulNotEating /7 last 15 minutes and in the last 30 minutes he has nat done any sport.

/S If he is doing sport he cannot cook a meal ar the same

s time.Therefore, if Paul did not eat he had already eaten

/7 In the last 15 minutes or he did sport in the last 30 minutes »

CONSTANTS
P_Eating /7 Paul is eating
P_Cooked 4/ Paul has cooked a meal in the last 38 minutes
P_Hungry /7 Paul is hungry
P_Eaten /7  Paul has eaten in last 15 minutes
P_Sport /7 Paul has done sport in last 30 minutes
AXIOMS
axml : P_Eating € BOOL /4 Paul is eating
axm2 : P_Cooked € BOOL /7 Paul has cooked a meal in the last 30 minutes
axm3 : P_Hungry € BOOL /7 Paul is hungry
axmd P_Eaten € BOOL /7 Paul has eaten in last 15 minutes
axmd : P_Sport € BOOL /7 Paul has done sport in last 30 minutes
axmg é?;g;iig;;?}gs%)ﬁ /7  Paul can eat is he has cooked a meal in the last We now knOW
o - /7 30 minutes and he Is hungry
(Ftnary = TR under what
. (P_Hungry = TRUE)= /7 Paul Is hungry if he has not eaten iIn the last
axm H ((P_Eaten = FALSE » V4 15 minutes and he has not done sport in the 1+
PShort - FALSE)) 7/ last 39 minutes conditions the
o . = ((P_Sport = TRUE) ~ Vd If he is doing sport he cannot cook a meal i i
e (P_Cooked = TRUE) ) 4/ at the same time reasoning fails
axmd : P_Cooked = FALSE a P_Eaten= FALSE ~ P_Sport = FALSE
- (= (P_Eating = TRUE) = /7 not (Therefore, If Paul did not eat he had already eaten
axml@  : ((P_Eaten = TRUE) v /7 In the last 15 minutes or he did sport o
(P_Sport = TRUE) } ) Va in the last 30 minutes) Theorem the
END reasoning Is
wrong
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Alternatively, we can also use the prover directly
to show that the reasoning is wrong

It Proof Tree &3 ~ 8@ *whylsPaulNotEating @ WhylsPaulNotEating £
=
clee axm/THM
9 ML
o

P_EatingeBOOL TO DO:

P_CookedeB0OOL

P_HungryeBOOL Change the
i specification so that
_P-ating=TRUE Paul is obliged to
P_Cooked=TRUE A
P_Hungry=TRIE cook and eat when

P_Hungry=TRUE h - h

=
P_Eaten=FALSE A e IS U n g ry
P_Sport=FALSE

( P_Sport=TRUE A P_Cooked=TRUE)

P_Cooked=FALSE A
P_Eaten=FALSE A P_Sport=FALSE

State
¥ Goal %
( - P_Eating=TRUE
=

P_Eaten=TRUE v

P_Sport=TRUE)
% Proof Control 2 . [ Statistics| [£! Rodin Problems
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Specifications in Predicate Logic

Which of the following formulae are valid (true), and

why?

1 lemma "(dx. Yy. Pxy) — (Yy. Jx. Px y)"

2 lemma "(Yx. Px — @) = ((dx. Px) — Q)"

3 lemma "((7¥ x. Px) A (V x. Qx)) =(v x. (Px A Qx))"
4 lemma "((V x. Px) v (¥ x. Qx)) = (v x. Px VvV @Q@x))"
S lemma "((3 x. Px) VvV (I x. @x)) = (I x. (Px Vv Qx))"
6 lemma "(Vx. Jy. Pxy) — (dy. Yx. Px y)"

7 lemma "(- (¥ x. Px)) = (d x. -~ Pzx)"
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Specifications in Predicate Logic: lemma 7

This lemma is, perhaps, the
most obviously true. So lets
put it into RODIN in Event-
B, using the BOOL set.

CONTEXT
SomeFormulae

SETS
Universe

CONSTANTS
PFun

AXIOMS
axml : PFun € Universe — BOOL

= ( (¥x- xe Universe A PFun(x) = TRUE))
lemmar7 : P

(Iy- y € Universe s PFun(y) = FALSE)
END
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Specifications in Predicate Logic: lemma 7

Not surprisingly, the Prover discharges this automatically

iy

PFuneUniverse — BOOL

State

[¥ Goal &

{ vV x -
xelniverse A
PFun(x}=TRUE}
=
Sl =
yellniverse A PFun(y)=FALSE)

# Proof Control 2@ ] Statistid [£/ Rodin Problems

PP v oppow g

o

P o @ N T

=
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Specifications in Predicate Logic: lemmas 1 to 3

The prover discharges 3 automatically, so we know rtis {provided the
lemma is properly specified in Event-B). However, lemnaad lemma2 are not
proven automatically -does this mean they are false?

L Event-B Explorer &2 2| ¢ 5 T = O)[@ SomeFormulae 2

9

@ Someformulae

X CONTEXT
& Introduction 5 F 1
4 2 Predicatelogic omerormitae
4 @, SomeFormulae SETS .
<+ Carrier Sets Universe TO DO
< Constants .
# hioms CONSTANTS verify and
4 @ Proof Obligations PFun
G lemmal/WD QFun Complete the
@'lemmal/THM PPFun .
Srenmano AXTOMS lemma: using
@ lemma. N -
N axm3 PPFun € (Universe x Universe) — BOOL
‘ﬂlemmﬁMD axml PFun € Universe — BOOL the Same
8 lsmma3,Th 2 QFun € Universe — BOOL | b d
G*lemma7 /WD axi - (
@ lermma7 /THM (3Ix - x € Universe = Sty e ase
- X (Yy- ye Universe =

& Propositionallogic L ommal (PPFun (x~ y)) = TRUE)) = On BOOL

= SAVE ( ¥z- ze Universe = f .

& VotingMachine (3w - w € Universe = )
(PPFun (we z)) = TRUE)) unCtlonS
¥x- PFun(x) = TRUE &

LemnaZ (3y- (y € Universe a PFun(y) = TRUE))
((¥x- xe Universe A PFun(x) = TRUE) a

lemma3 (¥y- ye Universe a QFun(y) = TRUE))=
(¥z- ze Universe A (PFun(z) = TRUE) A (QFun(z) = TRUE))
- ( (¥x- xe Universe a PFun(x) = TRUE))

lemma7 =
(Jy- y € Universe a PFun(y) = FALSE)

END
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Specifications in Predicate Logic: another more direct

specification style
We could also represent the lemma in a more direct way using a
set —PSet , say - to explicitly represent the subset if the universe
for which the predicat® is true:

CONSTANTS QUESTION: Which of the representationshsst?
PSet
TO DO: verify and
AXIOMS
_ complete the lemmas
axmd : PSet ¢ Universe using thiS new Style
D omma 7 . ;){ (Vx+ xe Universe a PFun(x) = TRUE)) of Specification
(3y- y € Universe A PFun(y) = FALSE) (based on set
- ( (¥x- Uni PSet)) i
. ) o x+ x€ Universe a x € e membershlp)
(Iy- y € Universe n yeg PSet )
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Specifications in Predicate Logic

If a student; 1s good-at-logic. he; does-well-in-semantics.
QuesTION: Consider and judge the following possibilities:

1. [ 3x(ST(x) A LOG(x)) ] = SEM(x)
11. dx [ (ST(x) A LOG(x)) — SEM(x) ]

<. Vx[(ST(x) A LOG(x)) — SEM(x) ] >

iv.  3x [ ST(x) A (LOG(x) = SEM(x) ) ]
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Specifications in Predicate Logic

Express the following using predicate logic
1. Susan introduced Mary to a student that nobody liked.

2. Only-if John has-talked-to every witness will Mary be-
satisfied.

3. John introduced only MARY to Kate.

4. John introduces Mary only to KATE.
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Specifications in Predicate Logic:
Susan introduced Mary to a student that nobody liked.

CONTEXT
Party

SETS
PEOPLE

CONSTANTS
Susan

o TO DO: Complete

Kate

introduced the Context

student s ]
liked f

talkedTo SpeCI |Ca.t|0n
witness

satisfied

AXIOMS
axml : Susane PEOPLE
axm2 : Marye PEOPLE
axm3 : John € PEOPLE
axmd : Kate € PEOPLE
axmd : introduced ¢ PEOPLExPEQPLExPEOPLE
axmb : student ¢ PEOPLE
axm/ : liked c PEOPLE = PEOPLE
axmg : talkedTo ¢ PEOPLE = PEOPLE
axmd : witness c PEOPLE
axmlo : satisfi ed ¢ PEOPLE
Js- se ran(liked) a /7 Susan introduced Mary to a student that nobody liked.

Expl
P SusanrMaryps € introduced

END
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Specifications in Predicate Logic

Express the following using predicate logic

1. All studentsin the class can programin Java or C++

2. Some of the students can programin Java or C++

3. Every student who could not programin Java or C++
was paired with a student who could

4. Some students programin Java some of the time, others
never programin Java

TO DO: Write an Event-B context to specify these properties
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