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What is (a) logic?

Hundreds of different logics have been studied by philosophers,
computer scientists, software engineers, mathematicians, ...

Any ‘formal system’ can be considered a logic if it has:

sawell-definedsyntax,
defines the syntactically acceptable objects of the language,
which areproperly callec well-formec formulae (wff). (We
shall just call them formulae.)

sawell-definedsemantics
associates each formula with a meaning

sawell-definedoroof-theory,
for manipulating formulae according to certain rules

2010: J Paul Gibson T&MSP: Mathematical Foundations MAT7003/Logic.2




What is propositional logic?

Perhaps, the simplest, and most abstract logic we can study

It allows us to reason abgpitopositions

Definition: A propositionis a statement that can be eitlere or false
it must be one or the other, and it cannot be both

It is possible to determine whether any given statement is a proposition
by prefixing it with:

«ltistruethat...»
and seeing whether the result makes grammatical sense
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What is propositional logic?

We now define our fundamental building blocks —al@mic
propositions Intuitively, these are the set of « smallest »
propositions.

Definition: An atomic propositions one whose truth or falsity
does not depend on the truth or falsity of any other propos

Thus, its meaning is directly eitheue or false
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What is propositional logic?

Now, rather than write out propositions in full, we will abbreviate them
by usingpropositional variables

It is standard practice to use the lower-case roman letters
P: g, 1, ...
to stand for propositions.

If we do this, we must define what we mean by writing something like:

Letp be «Paul Gibson likes chocloate »

Another alternative is to write something like:
PaulGibson_likes-chocolate
So that the interpretation of the propositional variable is obvious.
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What is propositional logic?

Connectives

The study of atomic propositions is trivial.

We introduce a number a@bnnectiveswvhich will allow us to build
up non-trivial propositions (sometimes calfedmulae):

N and (& or )
% or (| or +)
7 not (~)

= implies (D)

= iff
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What is propositional logic?
vV or

Definition: If p andq are arbitrary propositions, then the
disjjunctionof p andq is written

pVq
and will befalseiff bothp andq arefalse

Thetruth table for disjunctior is as follows

plqglpVvyg
F|F| F
F|\T| T
TI\F| T
T\ T| T
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What is propositional logic?
A and

Definition: If p andq are arbitrary propositions, then the
conjunctionof p andq is written
p"q

and will be trueff bothp andq aretrue. ...~
We can summarise the operation of ~ in a truth table. The
idea of a truth table for some formula is that it desct "
the behaviour of a formula under all possible L
interpretations of the primitive '
propositions the are included in the formula.

Thetruth table for conjunctionis as follows:

S
~ ™S
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What is propositional logic?
= implies

Definition: If p andq are arbitrary propositions, then the
conditional(implication) of p andq is written

P =4
and will be truaff the truth ofp guarantees the truth qf

Thetruth table for implicationis as follows:

Pl1q|P=1q NOTE: whenp is falsethen
FIFE T the implication is sure to be
5 1‘2 IZ true. (This is critically

il T important)

Terminology: if @ is the formula p= q, then:
p is theantecedentof ® and g is th&onsequent
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What is propositional logic?
= iff

Definition: If p andq are arbitrary propositions, then the
biconditionalof p andq is written

P < ¢
and will be truaff the meaning op is the same as that qf

Thetruth table for biconditiona is as follows

plqglp<=q

i 5 IZ If p & q istrue, thenp andq are said to
TIE r belogically equivalentthey will be true
TIT| T under exactly the same circumstances
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What is propositional logic?

All of the connectives we have considered so far have been
binary: they have taken two arguments.

The final connective we consider here is unary. It only takes
one argument.

Any proposition can be prefixed by the word ‘not’ to form a
second propositiocallec thenegatior of the original

Definition: If p is an arbitrary

proposition then theegation
of p is written "p and will be

. . 14 19
true iff p is false P |t
F| T
. T| E
Thetruth table for negationis
as follows:
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What is propositional logic?
Well-definedsyntax
We can nest complex formulae as deeply as we want.

We can use parentheses - i.e. ) and ( - to disambiguate formulae.

If p,q,r,s and t are atomic propositions, then all of the
following arewell formed formula (or justformula):
pANqg=r
pA(g=T)
. , - p A
(pPA(g=T1)) Vs But, A g
y , S D )
(pA(g=T1))Vs)At these P
are_not p
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What is propositional logic?
Well-definedsyntax
We can nest complex formulae as deeply as we want.

We can use parentheses - i.e. ) and ( - to disambiguate formulae.
We can visualise these formulae using syntax trees.

(PA(@=n)=(pPA ()= "V (M)
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What is propositional logic?
Well-definedsyntax

Using « Polish notation » we can dispense with brackets by writing
connectives in front of the expressions (sub-formulae) they connect

For example= Ap=>qr=Ap 'qV q

Note: this
. @ ~— reduces the
- aeN original |
S ®H © expression
< Z s from 34 to 16
OO symbols
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What is propositional logic?

Well-definedsemantics

Given a particular formula, can you tell if it is true or not?

No — you usually need to know the truth values of the component
atomic propositions in order to be able to tell whether a formula is
true.

Definition: A valuation(or interpretation or assignments a
function which assigns a truth value to each primitive proposition.

Given aninterpretation(l) of the atomic propositions, any formula
(built from these atomic propostions, using the previously defined
connectives) can be given a meaning underitttatpretation
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What is propositional logic?

Well-definedsemantics

For example:
v(p) = F
v(g) =T
v(r) = F
(v(p) Volq)) = olr) (1)
= (FvT)=F (2)
=T=F (3)
=F (4)
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What is propositional logic?
Well-definedsemantics
Definition(s):

1. A formula is @autology(valid) iff it is true under every valuation;

2. A formula isconsistent (satisifiable)ff it is true under at least one
valuation;

3. A formula isinconsistent (a contradictio iff it is not made true
under any valuation.

4. A formula iscontingentff it is consistenbut notatautology
Now, each line in the truth table of a formula correponds to a valuation.

So, we can use truth tables to determine whether or not formulae are
tautologies/consistent/inconsistent/contingent
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What is propositional logic?
Well-definecsemantics

Definition(s):

*Two formulae are said to begically equivalentf they have the
same truth tables.

In other words, if theetsof interpretations/valuations/assignments
for which the formulae are true are the same.

oIf cis a (possibly infinite) set of formulae afdis a single
formula, then
@ is alogical consequencef ¢, written
CED
if, any assignment making all members; ¢fue also make® true

Thus, two formulae arnegically equivalentff each is dogical
consequencef the other
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What is propositional logic?
Well-definedbroof-theory

Proof methods

Proof methods divide into (roughly) two kinds:
e dodel checking:
— Truth table enumeration (sound and complete for
propositional logic)
— Heuristic search in model space (sound but incomplete)
e Application of inference rules:
- Legitimate (sound) generation of new sentences from old
= A proofis a sequence of inference rule applications
— Inference rules can be used as operators in a standard

search algorithm!
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What is propositional logic?
Well-definedoroof-theoryallows us to reason as follows:

If ¢is a set of formulae ardl is a single formula, then
® is alogical consequencef ¢, written
CED
if, any assignment making all members; ¢fue also make® true

To test/prove/demonstrate whether
cEO

*Either, find an assignment of truth values in which all members of
¢ are true but is false; thus
¢ E @ cannot hold.

*Or, show that it is impossible to find such an assignment; thus
¢ E ® must hold.
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What is propositional logic?

¢ E @, whereg = {f1,f2, ...fn} can be represented as:

f1
f2

Using the truth table method for formally establishing
consequence/equivalence is « guaranteed to work » &g dne some
inconveniences!

QUESTION Do you know what these are?
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What is propositional logic?

Well-definedoroof-theory
Logic is a form of knowledge representation:

» Sentences have to obey syntactic laws

* Truth is established with respect tmmadelof the world and an
interpretationwhich maps symbols to world objects

» The truth table method issesundandcompletanference
method, which checks truth in all possible models.

 But the truth table method is very inefficient!
2”"n models for n literals
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What is propositional logic?

A Well-definedbroof-theorymay allow algebraic reasoning
using inference rules, eg:

e Hesolution (for CNF): complete for propositional logic

a3, =3 W

oy oy
e odus Fonens (for Horn Form): complete for Horn KBs

'S DU gy A Nap = 3

A

Can be used with forward chaining or backward chaining
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What is propositional logic?

A Well-definedbroof-theorymay allow algebraic reasoning
using inference rules, eg:

e And-elimination:
ﬂl _.-"\'-.I PR _."“-.I Q-n

g, 7i=1,...n
e Implication elimination:
a = 3
- V3

Before we look at the proof theory in any more detail, we will
look at applying the logic
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How to Use Propositional Logic?

1: We can use propositional logic to check the reasoning in
natural language « documentation ».

Natural Language Statement ............................... > PrOpOSItlonaI
Variables

Natural |
Reasonmgi ........................ l Logical
............ consequence
Truth of
Conclusions
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How to Use Propositional Logic?

Problem: Determine the validity of the following reasoning

« Paul can eat if he has cooked a meal in the last 30 minutes and
he is hungry. He is hungry provided he has not eaten in the last 15
minutes and in the last 30 minutes he has not done any sport.

If he is doing sport he cannot cook a meal at the same
time.Therefore if Paul did not eat he had already eaten in tr

15 minutes or he did sport in the last 30 minutes »
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How to Use Propositional Logic?

2: We can use propositional logic to model/design computer
circuits

10 fnd 4. Hand

A_D_C A:}/Components

Circuits
Formulae

13, Hor
A A
C C
B B
44 Exclusiue 01 45. Exchusive Hor

A C A c
B B Output = AB + BC + AC

4. Mor (Inverter)
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How to Use Propositional Logic?

2: We can use propositional logic to model/design computer
circuits

Adequate set of connectives

DEFINITION:
A set of connectives, S, adequat iff for every formula ther:
is anequivalenformula with only connectives from that set.

QUESTION: What are the adequate sets of connectives for
propositional logic?
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How to Use Propositional Logic?

2: We can use propositional logic to model/design computer
circuits

Normal forms: Definition: normal—

e Conjunctive Normal Form (CNF—universal) A fo rm iS norm a| |ff
conjunction of disjunctions of literals f or any f ormu I a th er
)

Eg.(Av-B)A(Bv-CvV-D)

e [Disjunctive Normal Form (DNF—universal) IS an € q u |Va| € nt
disjunction of conjunctions of literals fO rmu I a Wr|tte N | N
Eg.(AAB)V(AA=C)V(AA=D)v (=B A-C)V (=B A—-D) t h at fo rm

e Horn Form (restricted)
conjunction of Horn clauses (clauses with < 1 positive literal)

Eg. (AV -B) A (BV~C vV -D) QUESTION: How to
Often written as set of implications: B = Aand (C A D)= B prove tha-CN F DN F
andHF are normal
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How to Use Propositional Logic?

2: We can use propositional logic to model/design computer
circuits

We wish to reduce the following in constructing logic circuits —
sthe number of different types of gates

the total number of gates
the depth of the circt
the width of the circuit
Execution Time? \ NAND s adequate

Parallelisation/Synchronisation?
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Why do we need predicate logic/calculus?

*Propositional logic: no variables or functions

*Predicate logicallows — through the use gtiantifiers- quantified
variablesas parameters of predicates or functions.

*In first order predicate logiwe must include a domain of discourse
over which the quantifiers ran

*Higher order predicate logicallows predicates to be variables
(might be needed to describe mathematical properties such as “every
proposition implies itself” or “there are decidable propositions.)

You use the logic which is appropriate for the
properties/behaviour you wish to describe/reason about
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How do we define predicate logic/calculus?

Just like with propositional logic, we need:

A languagawhich tells us how to build up sentences in the
language (i.esyntay, and what the sentences mean (i.e.,
semantick

*An inference procedumhich tells us which sentences are valid
inferences from other sentences

But, we don’t start from scratch — we can build predicate logic
« on top of » the propositional logic that we have already
defined.
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The limitations of propositional logic — parameterised assertions

Propositional logic has no variables or functions, so how does this
limit us in what we can express?

The prediciate logic helps us to overcome these limitations

For example, the assertion "x is greater than 1", where
variable, is not a proposition because you can not tell whether it
IS true or false unless you know the value of x. Thus the
propositional logic can not deal with such sentences. However,
such assertions appear quite often in mathematical modelling
and we want to do inferencing on those assertions
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The limitations of propositional logic - equivalences

Thepatterninvolved in the followingogical equivalencesan notbe
captured by the propositional logic:

*Notall birds flyis equivalent técomebirds don't fly

*Notall integers are evers equivalent tacomantegers are
not eve.

*Notall cars are expensiuvs equivalent tdécomecars are not
expensive,

We would like to be able tgeneralisdo:
NOTALL Xs are U iffSOMEXs are not U
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The limitations of propositional logic — algorithmic reasoning

Propositional is not powerful enough to exprestestants such as:

 The function f(x) = x"3 is continuous.

* There is a prime between n and 2n (for n > 1).

» Deadlock cannot occur (in some protocol).

» Upon completion of this procedure, the stackmpty.
» The algorithm terminates on all inputs.

For example, the second assertion (known as thiealde-Chebyshev theorem)
of importance for algorithms that need to seleshps of some suitable size

How could we state this assertion clearly, as m&expression that might be
computer-understandable? We cardwit with propositional logic
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Propositions, Sets and Predicates

A proposition is a sentence expressing something true or false.

A setcan be defined by specifyingoaopertythat the elements of the
set have in common

Predicatesare a link between propositions and sets
For example, {x | x is a positive integer less than 4} is the set {1

Thus, an element of {xR(x)} is an object for which the statement
P(t) is true. Such a sentenE¢x)is called aPredicate.

P(x)is also called aropositional function, because each choice of x
produces a propositid(x) that is either true or false
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Propositions, Sets and Predicates — thinking in terms of relains

Formally there are different (equivalent) ways of giving sematdics
predicates:

ean expression of the semantic type of sets.

ean indicator functions of sets, i.e. functions from an entity to a
truth value.

*In first-order logic, a predicate can take the role relation
between entities. (This is the point-of-view that will be most
intuitive for us — for the moment)
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Constructing Predicate Logic

So how do we construct a language suitable for {mipsnathematics and
computer science and software engineering?

Let’s start with a small fragment, say, arithmetieceasonable approach would be
to use only:
* basic arithmetic concepts (addition, multiplicati order), and

* purely logical constructs such as “and”, “nott.et

The logical constructs will includ&l of propositional logico we can still combine
assertions by connectives “and”, “or” and the liBet there will also bguantifiers
that allow one to make statements about the existehobjects with certain
properties and about properties of all objects.

This type of system is callededicate logicbut note that we should also allow for
functions/relations.
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Constructing Predicate Logic

Let’s try a concrete example to see what an exjaeds predicate logic could look
like:

There is a prime between n and 2n (for n > 1).

.......

.-Z:fnr all:x - universal quantifier  The additional
-there:{lsts:a y - existential quantifier l@Nguage constructs
. .4:_2.- - binary relation
e and - logical connective
e y < 2r - binary relaticn
. aru:_l ______ - logical connective

Ce y is prime - unary relation

. o

The assertion “is prime” in the last line still needs tddrmalised
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Constructing Predicate Logic

Let’s try a concrete example to see what an exymeds predicate logic could look
like:

There is a prime between n and 2n (for n > 1).

Clearly, we can express primality in terms of multiplication.

x i prime iff

= for all = - universal quantifier This is all we need:
e forall w - ;f‘ui\rers-al qu..;mtifier | addlng quantiﬁers
e T=u-v - binary function, equation )

e implies - logical connective INCreases the

e u=1 - CONstant, equation expressiveness of
s or - logical connective

e v=1 - constant, equation our Ianguage

enormously.

2010:J Paul Gibson T&MSP: Mathematical Foundations MAT7003/Logic.40




Constructing Predicate Logic -The Range of Variables

Note that the definition of primality tacitly assumes that we
interpret the variables as ranging over the integers.

If we were dealing with the rationals the definition would, of
course, no longer make sense.

We will see in a moment that the range of quantifiers is
pinned down precisely when we address the question of
semantics: what exactly is the meaning of a formula in
predicate logic?
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Constructing Predicate Logic -The Syntax

We keep all logical connectives. But we add

 constants that denote individual objects,

« variables that range over individual objects,
 quantifiers that express “for all” and “there exists”,
« function symbols that denote functic

* relation symbols that denote relations.
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Constructing Predicate Logic -The Syntax

MNotation:

e a, b, c, ... for constants,

e &, y, z,...forvariables,

e Y for the universal quantifier,

e  for the existential quantifier,

e f, g, h,...forfunction symbols,
e R P, Q, ... forrelation symbols.
e Always allow = for equality.

We will need to treat this notation more formally at a later stage.
First, lets consider some examples of possible usage.
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Constructing Predicate Logic —Fully formal Notation

Fermat’s last theorem from informal to predicate logic

There do not exist four numbers, the last being larger
than two, such that the sum of the first two, both raised
to the power of the fourth, are equal to the third, also
raised to the power of the foul

There are no positive integers =, y, = and =, where n > 2 such that
b L e
Tty ==

—dr.y.z.n < [t I::::I:n + yﬂ' =z An>2)
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Predicate Logic —Expressiveness
Induction: ROy AV x [_’i'_:i'[ r) — Hix+ 1)) — Ve Rix)

Here we have added another unary relation symbol R to our
language. So R(x) asserts that number x has some unspecified

property.

ThePrinciple of Inductiol then simply asserts that is formule
true over the natural numbers.

Note, though, that in many applications R(x) would actually be
replaced by a formula of arithmetic such as:

> i=a(z41)/2

i<
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Predicate Logic —Components of a formula

The components of a formula can be organized into a taxonomy
like so:

* variables, constants and terms,
e equations,

» atomic formulae

* propositional connectives, and
 quantifiers.

Only the quantification part is really new; propositional
connectives will be the same asiopositional logiowhile terms
and equations will be the same asquational logic
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Predicate Logic —Equational Logic (a quick review)

The terms of equational logic are built up from variables and
constants using function symbols (or operations). Identities
(equalities) of the form

S=t,

where s and t are terms, constitute the formal language of
equational logic. The syllogisms/axioms of equational |
are: reflexivity, symmetry, transitivity, “application” and
substitution/unification.

NOTE: We will re-examine equational logic when we look
at abstract algebra, for now you should have an intuitive
understanding
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Predicate Logic —Equational Logic

1. Reflexivity: Equalityplays a special role in our setup
— (and sometimes has a special symbol
assocaited with it='"... although we will
2. Symmetry: stick to ‘=*
F=1
r=s We will assume that the language has a
special binary relation symbol that is
used to denote equality:
sThimy s ‘='t
e where s and t are arbitrary terms.

3. Transitivity:

4. For f afunction symbol and n = (0,
. Unlike with all the other relation symbols,

g )=l t) the meaning of ‘="is fixed once and for
all: it is always interpreted as equality.

F| =0y ey Sy =1

5. For # a substitution (cf. unification),
s=1 We will always assume that equality is
sl=t0 part of the language, though predicate
logic without equality is also of interest.
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Predicate Logic —Adding quantifiers to formulae

Formulae in predicate logic can be built from:
*Propositional logic

*Equational logic
*Universal Quantifiers:

If @ is a formula and x a variable, then (A ) and (¥ x ) are also formulae.
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Predicate Logic —Free (unbounded) variables in sentences

DEFINITION

A variable that is not in the range of a quantifieéras or unbound(as
opposed to bound).

A formula without free variables is closed, asemntence

One often indicates free variables like so:

wlx, y) x and y are free

3
|

- _.-\=i'..,-u. vy i e e Frae
-\.l.r\;u-_.u-l.ru -\_"Jl_ll Ulll:«' ::j 12 1 ==

Tydzplr y) closed.
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Predicate Logic —Substitution of (ground) terms for free variables

w(s, t) replace = by =, oy by ¢

wls/x, t/ ] replace = by =, y by ¢

A priori, a formulad®(x) with a free variable x has no truth
value associated with it: we need to replace x by a ground
term to be able to evaluate.

However, taking inspiration from equational logic, it is
convenient to define the truth value a formula with free
variables to be the same as its universal closure: put
universal quantifiers in front, one for each free variable.

'."l'["' _L' x |:$ * [.y * -C.I =] I:..'[‘ % ';I'] % C-} b O T e o= I i TR 4
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Predicate Logic —Clashing Variables

Note that according to our definition it is perfectly agreeable to
guantify over an already bound variable. To make the formula legible
one then has to rename variables. For practical reasons it is best to
simply disallow clashes between free and bound variables.

Fa (Riz) Je¥y Sz u))

Better: rename the x inside

W |:Rl:.t‘ A dxVy Sz, _?..':I:]

These issues are very similar to problems that arise in programming
languages (global and local variables, scoping issues). They need to
be ddressed but are not of central importance.
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Predicate Logic —What is « truth »

How can we explain precisely what it means for ssedion to be true, to be
valid? We would like some sweeping, global defamtof truth that handles all
areas of discourse, at least in mathematics angutemscience. While this
broad approach corresponds nicely to one’s philosapassumptions about
the world it leads to some rather dicey problemasekample, what should we
do with assertions like

€ttt

“This sentence is false.

. QUESTION: Is there an equivalent problem with sets?

We certainly would want to have the ability to deel certain assertions s"uc“’h
as

“100 is a prime number” as false.
But, how can we then avoid paradoxes as irsttiereferentiastatement
above?
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Tarski’'s Theory of Truth the semantics of predicate logic
In order to resolve the issue raised in the prex/ghgle, one needs to distinguish
carefully between an object language and a me@ukge.

It is also helpful to restrict one’s attention tath in a particular domain such as, say,
group theory or number theory. (We will see theserlin the module)

In the 1930’s Alfred Tarski was the first to sesbutackle to problem of explaining
truth for a sentence in a formal language.

We already have a nice formal language for predilcagic
We can now use Tarski’s ideas to attach meanimgféomula, to establish a
relationship with the world of actual objects sashnumbers, functions, hash tables,

algorithms, and so on.

The key is to define the truth value of a formwdiative to a given structure, a
mini-universe that allows us to make sense out®icomponents of the formula.
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The semantics of predicate logie validity of formula

To formally define truth (or validity) in predicate logic one must
formally define the relevant structures (mini universes of

discourse):

eNatural numbers
*Reals
sAbstract data typ:

*For now, we will deal with this intuitively (but as formally as

possible)
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Specifications in Predicate Logic

Which of the following formulae are valid (true), and

why?

1 lemma "(dx. Yy. Pxy) — (Yy. dx. Px y)"

2 lemma "(Yx. Px — Q) = ((dx. P x) — Q"

3 lemma "((Y x. Px) A (¥ x. Qx)) = (¢ x. (Px A Qx))"
4 lemma "((Y x. Px) v (V¥ x. Qx)) = (v x. (Px VvV Qx))"
5 lemma "((3 x. Px) v (3 x. @x)) =(3 x. (Px Vv Qzx))"
6 lemma "(Vx. Jy. Pxy) — (dy. Yx. Px y)"

7 lemma "(—- (v x. Px)) = (3 x. = P x)"
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Specifications in Predicate Logic: translating from English

“Every student in this class has studied calculus.”

© First, we rewrite the statement so that we can easily identify
the appropriate quantifiers to use.

“Every student, if he is in this class, then he has studied
calculus.”

© Next, we introduce a variable x for the student:

“For every student x, if x is in this class, then x has studied
calculus.”

© We define the predicates
C(x) for the statement “x is in this class.”
S(x) for the statement “x has studied calculus.”

@ The initial statement becomes vx. C(x) — 5(x).
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Specifications in Predicate Logic: translating from English

@ There is no dog that can talk.=I here is no [dog d|and
-3

d can talk.| = —3d. (dog(d) » talk(d)).

© [ here is no one in this class who knows French and Russian=

— x. (inclass(x) / knows(x, French) n knows(x, Russian)).

where

e inclass(x) means; “x is in this class.”
e knows(x,y) means: “x knows language y."
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Specifications in Predicate Logic: translating from English

The order of quantifiers in mathematical statements is important.

Let P(x,y) be the statement x < y.
@ What is the truth value of the formula ¥x dy. P(x.v)?
o What is the truth value of the formula Jv vx. P(x.v)?

@ Uxdv. P(x,v) means: “For every real number x there exists a
real number v such that x < y." This statement is true
because there always exists the real number y = x + 1, and
x<x+1=y.

@ v 7x. P(x,v) means: “There exists a real number y such
that x < vy for any real number x." This statement is false
because

NOTE: This disproves lemma &l{de 59
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Specifications in Predicate Logic: translating from English

General rules 1 and 2 can be used to propagate negation inside
formulas with nested quantifiers.

Example (limit)

A function f has limit L at a, notation lim,_, f(x) =L, if

Ye>030 >0.Vx (0 < |x—a] <d— |f(x)—L| <e).
Use quantifiers and predicates to express the fact that f does not
have limit L at a.

“f does not have limit L at 3" = —(limy_, f(x) = L)

“Te>0F0 >0 (0<|x—a|<d— |f(x)— Ll <e)=
Je>0-d0>0%x. (0< |x—a| <d— |f(x)—L| <€)=
>0 >0 "x.(0<|x—a|<d— |f(x)— L <€)=
Fe>0v0>03Ix.~(0< |x—a|<d— |[f(x)— L <¢)=
Je>070 >03x.(0< [x—a| <dA|f(x)—L| =¢)

because, in general, =-(A — B) = (A —B).
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Specifications in Predicate Logic

If a student; 1s good-at-logic. he; does-well-in-semantics.
QuEesTION: Consider and judge the following possibilities:

1. [ Ix(ST(x) A LOG(x)) ] = SEM(x)
11. Ix [ (ST(x) A LOG(x)) — SEM(x) ]
11l Vx [ (ST(x) n LOG(x)) — SEM(x) ]

1v. dx [ ST(x) » ( LOG(x) —= SEM(x) ) ]
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Specifications in Predicate Logic

Express the following using predicate logic
1. Susan introduced Mary to a student that nobody liked.

2. Only-if John has-talked-to every witness will Mary be-
satisfied

3. John introduced only MARY to Kate.

4. John introduces Mary only to KATE.
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Specifications in Predicate Logic

Express the following using predicate logic

1. All students in the class can program in Java or C++
2. Some of the students can program in Java or C++
3. Every student who could not program in Java or C++

was paired with a student who co

4. Some students program in Java some of the time, others

never program in Java
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Proofs in Predicate Logic: additional rules for quantification

| rule of inference ‘ name
¥x P(x) Universal instantiation
P(c)
P(c) for an arbitrary ¢ Universal generalization
7x P(x)
dx P(x) Existential instantiation

P(c) for some element ¢

P(c) for some element c Existential generalization

dIx P(x)
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Proofs in Predicate Logic: example

Show that the premises
@ "A student in this class has not read the book.”
@ "Everyone in this class passed the exam.”

imply "Someone who passed the exam has not read the book.”

C(x)="xis in this class.”
B(x)= "x has read the book.”

P(x)="x passed the exam."

We must show that dx (P(x) A =B(x)) holds under the
hypotheses dx (C(x) A =B(x)) and ¥x (C(x) — P(x)).
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Proofs in Predicate Logic: example, continued

Step _

1. 3x (C(x) A —~B(x)) L Hypothesis

2. ¥x (C(x) — P(x)) 2 Hypothesis

3. C(a) A —B(a) 3. Existential Instantiation from 1
4. C(a) 4. Simplification from 3

5. C(a) — P(a) 5. Universal Instantiation from

6. P(a) 6. Modus Ponens from 4 and 5
7. =B(a) 7. Simplification form 3

8. P(a) A —B(a) 8. Conjfrom 6 and 7

9. Ix (P(x) An—=B(x)) 9. Existential General. from 8

Thus, 9 can be infered from the hypotheses (1 and 2)
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Proofs in Predicate Logic: example, continued

QUESTION: chooseoneof these lemmas - which you
believe to be true - and prove it formally (using the stepped
approach, as seen in the previous example)

1 lemma "(dx. Yy. Pxy) — (Yy. dx. Px y)"

2 lemma "(Vx. Px — @) = ((dx. Px) — Q)"

3 lemma "((¥ x. Px) N (¥ x. @x)) = (v x. (Px /N Qx))"

4 lemma "((¥ x. Px) VvV (V x. @x)) = (v x. (Px VvV Qx))"

S lemma "((3 x. Px) V (3 x. Qx)) = (I x. (PxV Qgx))"

® lemma "(vYx. Jy. Pxy) — (Jy. ¥Yx. Px y)"

7 lemma "(—- (¥ x. Px)) = (3 x. " P x)"
Hint: If you have problems choosing then we all agree that
lemma 7 is true (intuitively), ...
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Validity and Satisfiability in Predicate Logic

We begin by defining assignments in the context of predicate
logic. We note that we need to use the notion of a structure (in
the universe of discourse)

Definition: An assignmenor valuation(over a structure A)
associates variables of the language with elements in the ground
set A

Given an assignment o : Var — A, we can associate an element o (#) in A with each
Lerm t.

e += x; then it = ={x)
e t= firq....,ra ) theno{#) = f'j'l:uj'.l'l:'."l:l,_ coa T (TRl
Example 2. Over N let a(x) = 3. Then iz - (1 + 1)) = € whereas oz = 0

produces ={x - (1 4+ 1)) — 0.
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Validity and Satisfiability in Predicate Logic

Once we have an assignment for all the free variables in an atomic
formula we can determine a truth value for it.

Definition: Let ¢ be an assignment over a structure A @d R(t1,
..., tn) be an atomic formula.

Define thetruth value®d (underc over A to be-

PR L RA(a(ty). ... a(tn)) holds, This tr_Uth
LTV omherwise. value is
extended to
logical
Example 3. Over the natural numbers A suppose o(x) = 0 and a(y) = 1. Then .
connectives
Nolz+y <14+ 1) =A04+1<141) =1t and
but foro(z) = oiy) = 1 we ger quantlflel’s
in the
Nal : =Ns(1+1<1 = ff
Nolz +y <1+1)=Ne(l + +1) natural way
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Validity and Satisfiability in Predicate Logic

Definition: Validity
A formula = is valid in A under assignment o if As(p) = 1.

A formula o isvalid in A Jficis valid in A for all assignments . The structure A is then
said t@ be a model for @ ar to satisfy .

A sentence is walid {ortrue) if it is valid over any structure (of the appropriate signature).
Notation:

A Fo . A= ¢, =

One uses the same notation for sets of formulae I'. So 4 |= 1" means that 4 |= o for
all o = T,

Mote the condition for validity: the formula has to hold in all structures.
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Validity and Satisfiability in Predicate Logic

Definition: Satisfiability

A formuwla is satisfiable if there is some structure A and some assignment
a for all the free variables in o such that A - .

Computing truth

More precsely, suppose we wanted tc construct an algerithm

ValidQ(A, )

that checks if formula ¢ is valid over struzture 4.

We will look
-7 atalgebraic

What would be the appropriate input for such an algorithm?

The easy part s the formula: any standard representation will bs fine,

................................................................................................ structuredater

P The rzal problem is the structure 4. .' """" . n thlS mOdUIe
For standzrd structures such as the natural numbers or reals we understand (more or less)
how to interpret the operations. But in the general case we nesd some representation.
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