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NATURAL NUMBERS

Thesetof natural numbers is either:

the set of positive integers {1, 2, 3, ...} according to the
traditional definition, or

sthe set of non-negative integers {0, 1, 2, ...} according to a
definition first appearing in the nineteenth century

The have two main purpose
scounting, and
*Ordering

Properties of the natural numbers are studied in specialised fields
such as:

enumber theory, and

scombinatorics
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NATURAL NUMBERS

Notation:
No=1{0,1,2,...}; N'=N; ={1,2,...}.

This set iscountably infinite

This is also expressed by saying
that the cardinal numb
(cardinality)of the set is:

aleph-null  ®o

2010: J Paul Gibson T&MSP: Mathematical Foundations

MAT7003/L6b-CountingNumbers.3

NATURAL NUMBERS: Algebraic properties

The addition and multiplication operations on nakmumbers have several algebraic

properties:

*Closure under addition and multiplicatioffor all natural numbers a and b, both a

+ b and a x b are natural numbers.

sAssociativity: for all natural numbers a, b, andc,a+ (b ¢+ b) + c and a x

(bxc)=(axb)xc.

Commutativity : for all natural numbers a and b, a +

b=b+dax b=Dbxa.

*Existence oidentity elements: for every natural numbera, a+ 0 =azxx 1 =

a.

Distributivity for all natural numbers a, b, and c, a x (b + cJa=x b) + (a x ¢)

*No zero divisors if a and b are natural numbers such thata x bthé&n a =0 or

b=0

We come back to algebraic properties when we
consider algebraic structures later in the module
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NATURAL NUMBERS: Peano axioms

The Peano axioms give a formal theory of the naturanbers. The axioms are:
*There is a natural number O.

*Every natural number a has a natural number ssogefenoted by S(a).
Intuitively, S(a) is a+1.

*There is no natural number whose successor is 0.
*Distinct natural numbers have distinct successbes# b, then S(a¥ S(b).

*If a property is possessed by 0 and also by theessor of every natur
number which possesses it, then it is possessall bgtural numbers. (This
postulate ensures that the proof technique of mahieal induction is
valid.)

It should be noted that the "0" in the above dgbnineed not correspond to
what we normally consider to be the number zero.
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NATURAL NUMBERS: Peano axioms

We can use these axioms in a new RODIN conteedr(o)

CONTEXT
Peano
SETS
Numbers
CONSTANTS
zero
s
equals
AXIOMS
axml : zero € Numbers /'’ There is a natural number zero
axm? . s € Numbers — Numbers !/ Every natural number a has a natural number successor,
' [/ denoted by S(a).
axm3 : zero € ran(s) I There is no natural number whose successor is zero
axmd : equals € Numbers x Numbers
Wx,y- xeNumbers a ye Numbers a (xpy)
axmda . € equals [/ Distinct natural numbers have distinct
= I/ successors: if a = b, then S{a) = S(b).
(s(x)» s(y)) € equals
axmdb : (zero » zero) € equals 1z (When/why) Do we need this?
¥p- ( pc Numbers a
Zero € p A [/ If a property is possessed by © and also by the
axms : (Y¥n-nep=-5s 1/ successor of every natural number which possesses
(n) € p) ) = // it, then it is possessed by all natural numbers.
Numbers < p
END
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NATURAL NUMBERS: construction using set theory

The standard construction is a special casemNeumann ordinal
construction

0={}

1={0}={{}}

2={0,1}={0, 0} ={} {1

3={0,1,2}={0, {0} {0, O} ={{ }. {{} {{}. {1}
n=1{0,1,2,....n—-2n-1}={0,1,2,. .. n-2}U{n—-1} = (n—-1)U{n -1}

Although the standard construction is useful, it is
not the only possible construction. For example:

one could define 0 = {}
and S(a) = {a},
producing
0={}
1={0}={}
2={1}={{ }} etc.

2010: J Paul Gibson T&MSP: Mathematical Foundations MAT7003/L6b-CountingNumbers.]

NATURAL NUMBERS: countability of other numbers

A set S is called countable if there exists an injective function
f:5—=HN
from S to the natural numbers N = {0,1,2,3,...}.

If fis also surjective, thus making f bijective, then S is called countably infinite.

Georg Cantor (who introduced
this branch of mathematic
TO DO

. showed that the real numbers
Show thaintegers are countable cannot be put into one-to-one

Show thatrationals are countabl correspondence with the naturgl

Show thateals are notountable numbers ... see later slides
Theorem: The Cartesian product of finitgly | QUESTION: can
many countable sets is countable. you sketch a proof?
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The integers, rationals and the reals

You're familiar with three other basic sets of numbers:
* theintegers— natural numbers and their negatiyes
* therationals - any number that can be expressed as the
guotienta/b of two integers, with the denominatonot equal
to zero (Q)
 thereals— « can be given by an infinite decimal
representation, » -more formal definitions exigk)

The integers are obvioustijscrete, in that there’s a big gap
between successive pairs of integers.

To a first approximation, the rational numbers and the real
numbers seem pretty similar.
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The rationals and the reals

We know that the reals and the rationals are different sets, lpecaus
we know that a few special numbers are not rational, e.g. Pl and
the square root of 2. (Check on web for further details)

These irrational numbers may seem like isolated cases, but this
intuition is entirely wrong: the vast majority of real numbers are
irrational and the rationals are quite a small subset of the

The rationals ardensein the reals: if | pick any real number

x and a distancg, there is always a rational number within
distanced of x. Between any two real numbers, there is always a
rational number.
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The rationals and the reals: Completeness

One big difference between the two sets is thatdhks have a so-called
“completeness” property:

any subset of the reals with an upper bound has a smallest upper bound.
(And similarly for lower bounds.)

So if | have a sequence of reals that convergedirttit it converges to is also
a real number.

This isn’t true for the rationals. For example, #a& make a series of ratio
numbers that converge to PI -

3,3.1,3.14, 3.141, 3.1415, 3.14159, 3.1415921%926, 3.14159265
But there is no rational number equal to PI.

In fact, the reals are set up precisely to makapletenessvork. One way to
construct the reals is to construct all convergequences of rationals and add
new points to represent the limits of these seqeern(®ost of the machinery

of calculus depends on the existence of these pgirds.)
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Cantor's diagonal argument: uncountability of reals

Thediagonal method, was published in 1891 by Georg Cantor as a proof
that there are infinite sets which cannot be put into 1-1 correspondence
with the infinite set of natural numbers.

Such sets are now known agountable sets, and the size of infinite sets
Is now treated by the theory of cardinal numbers which Cantor began.

Diagonalisation is a powerful and general technique that has been used
In a wide range of proofs. Some relevant examples are:

* Russell's paradox

o the first of Godel's incompleteness theorems

*Turing's answer to the Entscheidungsproblem of David Hilbert
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Cantor's diagonal argument

E=MmMmMmmMmmmMmmImmmm -
E=WWWWWWWWWWWW
E:=mWmWwWmWwmWwm win w -
FE=wImwmwhwmwmhmw
Ei=wmwwhlnwhwmw -
Ec=MWIMWWwWIlwil wil wm
EsccMWIMWwWwIlwwmwimw -
E,=wIil wmwil Wil wim w =
Fe=MMmwmwhl win wim wm -
Ec~WIMWINMWWIWWIIW -
Ee=WWIMWIMwmhWwmim win -

EXWmMwWWmMWwWmmmMmmMmim w -

Proof by contradiction:

If the reals are countable then we can
enumerate/order them atl a list

But then we caonstruct a real that
IS not in the list

This is a contradiction, so the original
assumption is false, ie the reals
not countable

NOTE: Thisconstruction depends on some details
concerning non-uniqueness of representations ...

Uncomputability: the number of functions is uncountable, whereas
the number of programs is countably infinite... so there are
uncomputable functions!
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Largeness of sets and Cantor's theorem (for power sets)

NOTE: the notion of « relative largeness » is forsedi by

the definition of cardinality.

Two sets have the same cardinality if there igecbon

between the elements

The cardinality of the continuum (reals) is given b c=2%> No

The continuum hypothesis states that there is no cardi
number between the cardinality of the reals ana#ndinality

of the natural numbers

Cantor’s Theorem: For every set S the power set of S, i.e., the set of
all subsets of S (here written as P(&)arger than S itself.

Thus, PR) is larger than R and P(PR)) is larger than i) and ...
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