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ABSTRACT

A finite-interval constant modulus algorithm is developed
which is vastly simpler than the Analytic Constant Mod-
ulus Algorithm and, unlike that algorithm, can claim to
minimize a constant modulus criterion. It requires one
QR decomposition of a data matrix, followed by a power
iteration. Step size bounds which ensure monotonic con-
vergence are obtained in analytic form, and proper tuning
leads to an algorithm which converges typically within a
few iterations. The algorithm thus gives a computationally
feasible method for implementing constant modulus signal
restoration in packet-based transmission systems.

1. INTRODUCTION

The constant modulus criterion [1]–[3] ranks among the
most widely employed methods for blind signal restora-
tion. The most common implementation, in terms of a
stochastic gradient algorithm, often requires hundreds or
even thousands of iterations to converge, depending on
channel conditions, equalizer length, signal to noise ratio,
etc., rendering the algorithm ill-suited to block processing
or packet data based systems.

In response to this deficiency, van der Veen has devel-
oped the so-called Analytic Constant Modulus Algorithm
(ACMA) [4], based on a clever technique to factor the re-
ceived signal in a convolutional form involving a constant
modulus signal. The factorization technique is a valid
procedure provided perfect signal reconstruction is attain-
able (e.g., satisfaction of length and disparity conditions
in high signal-to-noise ratios). Despite its name, the al-
gorithm does not in general minimize a constant modulus
cost function, although it can claim good behavior in prac-
tical conditions [5]. The algorithm presents a rather high
computational complexity, though, and is complicated by
rank conditions at intermediate steps.

Here we present an algorithm which directly min-
imizes a finite-interval constant modulus criterion, and

is computationally much simpler than the ACMA: it re-
quires one QR decomposition of a data matrix, followed
by straightforward power method iterations. By proper
tuning of the step size parameter, convergence usually oc-
curs within a few iterations (between 5 and 10 iterations is
typical). The algorithm thus represents a computationally
feasible implementation of the constant modulus criterion
for packet or block transmission systems.

2. PROBLEM SETTING

Here we develop an alternate formulation of the constant
modulus criterion for finite data sets, and show how a sim-
ple gradient algorithm may be used to calculate solutions.

Consider a (real-valued) received vector un of the form

(P �) un =
∞∑

k=0

Hk sn−k + bn

where {Hk} is the (multi-input/multi-output) channel im-
pulse response, sn contains the source signals, and bn is
the background noise.

The equalizer output is

yn =
M∑

k=0

gk un−k = gUn

where each term gk is a row vector containing P compo-
nents (so that yn is a scalar-valued sequence), and

g = [g0 g1 · · · gM], Un =




un

un−1
...

un−M




The constant modulus criterion, adapted to a finite time
interval n = 1,2, . . . ,N, becomes

J(g) =
N∑

n=1

(1− y2
n)2
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Consider now parametrizing the equalizer vector g in polar
form (all norms are the Euclidean norm):

g = ρ g, with

{‖g‖ = 1;
ρ = ‖g‖

i.e., g sets the angular orientation of the equalizer vec-
tor, while ρ (the radial parameter) sets the length. If we
let yn = gUn denote the output of the unit-norm filter g,
then yn = ρ yn, and we may rewrite the constant modulus
criterion in terms of yn and ρ as

J(g) =
N∑

n=1

(1−ρ2y2
n)2 =

N∑
n=1

(1−2ρ2y2
n + ρ4 y4

n )

Consider now optimizing the radial parameter ρ, obtained
by setting the derivative of J(ρg) with respect to ρ equal
to zero:

0 =
∂J(ρg)

∂ρ
= 4ρ

N∑
n=1

(ρ2 y4
n − y2

n)

The choice ρ = 0 can be shown to result in a local maxi-
mum of J, while the minimum occurs when

ρ2
opt =

( N∑
n=1

y2
n

)/( N∑
n=1

y4
n

)

Observe that with this choice of ρ, we have
∑

n y2
n =∑

n y4
n.

The “reduced” cost function (i.e., that obtained upon
using the optimal value of ρ) becomes

J(g)
∆= J(ρg)

∣∣∣
ρ=ρopt

= N −

( N∑
n=1

y2
n

)2

N∑
n=1

y4
n

Minimizing J(g) is therefore accomplished by choosing
the angular orientation of g to minimize

F(g)
∆=

N∑
n=1

y4
n

( N∑
n=1

y2
n

)2
=

N∑
n=1

y4
n

( N∑
n=1

y2
n

)2
=

m4

m2
2

involving the ratio of the fourth-order moment m4 to the
square of the second-order moment m2. Note that this final
form is radially invariant: replacing yn by βyn, with β any
constant, does not change the value of the ratio; the choice
β = ρ leads to the indicated equality. We then claim:

Theorem 1 For all nonzero equalizer settings g, the reduced
cost function is bounded as

1 ≥ F(g) ≥ 1
N

.

The lower bound 1/N is attained if and only if {yn} is a
constant modulus sequence.

A proof may be deduced from the identity

F =

N∑
n=1

y4
n

( N∑
n=1

y2
n

)2
=

1
N


1 +

∑
1≤i< j≤N

(y2
i − y2

j )
2

( N∑
n=1

y2
n

)2




3. ALGORITHM DEVELOPMENT

Consider writing successive equalizer outputs in the form


y1

y2
...

yN


 =




UT
1

UT
2
...

UT
N




︸ ︷︷ ︸
U

gT = QRgT = Qw

where we invoke the QR-decomposition of U to obtain a Q
matrix having orthonormal columns, and where RgT = w.
By partitioning Q row-wise as

Q =




qT
1

qT
2
...

qT
N


 ⇒ yn = qT

n w,

we may calculate the gradient of F with respect to w as

∂

∂w
m4

m2
2

=
∂

∂w

∑
n y4

n(∑
n y2

n

)2

= 4

(∑
n y2

n

)2 ∑
n qn y3

n −
(∑

n y4
n

)∑
n qn yn(∑

n y2
n

)4

Since our criterion is radially invariant, we may scale w
to unit norm (‖w‖ = 1), which, by orthonormality of the
columns of Q, implies that m2 =

∑
n y2

n = 1. In this case,
the previous gradient calculation simplifies to

∂

∂w
m4

m2
2

∣∣∣∣
‖w‖=1

= 4

(∑
n

qn y3
n −

(∑
n

y4
n

)∑
n

qn yn

)

Note that with m2 =
∑

n y2
n = 1, we have F = m4 =

∑
n y4

n,
as well as ∑

n

qn yn =
(∑

n

qn qT
n

)
︸ ︷︷ ︸
= QT Q = I

w = w
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This gives the following algorithm:

1. Given the data matrix U, run a QR decomposition,
and retain the Q factor, whose columns provide an
orthonormal basis for the column space of U.

2. Using an initial vector w0, with ‖w0‖ = 1, run the
gradient descent procedure (i = iteration index)

vi+1 = wi − µi

4
∂F(w)

∂w

∣∣∣∣
w=wi

= [1 + µi Fi]wi −µi

N∑
n=1

y3
n(i)qn

wi+1 = vi+1/‖vi+1‖

where yn(i) = qT
n wi.

If we let y�3 denote the Hadamard cube of the vector
y (i.e., the vector whose components are y3

n), the above
algorithm can be rewritten as

vi+1 = wi −µi
(
QT y�3(i)−Fi wi

)
wi+1 = vi+1/‖vi+1‖ (1)

4. CONVERGENCE OF ITERATIVE ALGORITHM

We obtain in this section a bound on the step-size µi which
ensures monotonic convergence of the algorithm.

Relax the unit-norm constraint on w and let B denote
the unit ball in IR(M+1)P:

B = {w ∈ IR(M+1)P : ‖w‖ ≤ 1}.

This is a convex subset of IR(M+1)P.
The Hessian matrix of the numerator m4 of F is readily

calculated as

∂2m4

∂w∂wT
= 12QT diag(y�2)Q,

where diag(y�2) denotes the diagonal matrix

diag(y�2) =




y2
1 0 . . . 0

0 y2
2

. . .
...

...
. . .

. . . 0
0 · · · 0 y2

N


 .

We let γ denote one-fourth the largest eigenvalue λ+ of
this Hessian matrix over B:

γ ∆=
1
4

max
‖w‖≤1

λ+

(
∂2m4

∂w∂wT

)
. (2)

Letting Fi = F(wi), we then have:

Theorem 2 If wi is not a stationary point of the procedure
(1), then Fi+1 < Fi if µi obeys the bound

0 < µi <
2(γ −Fi)

F2
i + (γ −Fi)2 −‖QT y�3(i)‖2

.

Proof: Consider the functional

f (w) = 2γ (wT w−1)−m4(w), ‖w‖ ≤ 1,

which on the unit sphere ‖w‖ = 1 fulfills f (w) = −F(w).
Minimizing F(w) on the unit sphere ‖w‖= 1 is thus equiv-
alent to maximizing f (w) there.

Now, in view of our choice of γ [cf. (2)], the Hessian
matrix of f (w) is positive semi-definite over B:

∂2 f (w)
∂w∂wT

= 4γ I− ∂2m4(w)
∂w∂wT

≥ 0, for all ‖w‖ ≤ 1.

This is necessary and sufficient [6] for f (w) to be a convex
function of w over B. The gradient inequality applicable
to convex functions [6] then implies that, for all vectors
wi and wi+1 in B,

f (wi+1)− f (wi) ≥
(
∇f (wi)

)T (
wi+1 −wi

)
(3)

where ∇f (w) = 4(γ w−QT y�3) is the gradient vector of
f (w). Positivity of the right-hand side will imply f (wi+1) >
f (wi), or Fi+1 < Fi. It suffices thus to choose µi such that
the right-hand side is positive. This constraint takes the
form(

γ wi −QT y�3︸ ︷︷ ︸
∇f (wi)

)T
(

wi −µi (QT y�3(i)−Fiwi)
‖wi −µi (QT y�3(i)−Fiwi)‖︸ ︷︷ ︸

wi+1

−wi

)
> 0.

Solving for µi compatible with this constraint gives the
bound of the theorem statement. �

Remark: An “optimal” choice for µi would maximize the
right-hand side of (3), which in turn amounts to maximiz-
ing

(
∇f (wi)

)T
wi+1. By the Cauchy-Schwarz inequality,(

∇f (wi)
)T

wi+1 ≤ ‖∇f (wi)‖ · ‖wi+1‖︸ ︷︷ ︸
= 1

with equality iff wi+1 is colinear with ∇f (wi). This colin-
earity is satisfied with

µopt
i =

1
γ −Fi

(4)

which is thus an “optimal” step size choice. �
The dependence on γ from (2) complicates the direct

application of these results. One may show, similar to [7],
the chain of inequalities

Fi ≤ ‖QT y�3(i)‖ ≤ γ/3 = max
‖w‖=1

F(w),
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which can assist the selection of µi from (4). In simula-
tions, the stepsize choice

µi =
α
Fi

with 1
2 ≤α ≤ 2

3 , has been found to work very satisfactorily.

5. SIMULATION EXAMPLE

Here we consider a single-input–two-output channel whose
impulse response terms are



HT
0

HT
1

HT
2

HT
3

HT
4

HT
5

HT
6




=




−0.335923 0.087186
0.228832 −0.011060
0.465334 −0.474379
0.623545 −0.273567
0.387568 −0.535722
0.267495 −0.081896
0.087663 0.631425




The input is a real binary sequence, and white Gaussian
noise is added to the channel output to obtain a signal to
noise ratio of 14dB. Figure 1 shows the evolution of Fi us-
ing fourteen coefficients per equalizer branch, a step size
of µi = 2/(3Fi), and a block length of N = 262. Center tap
initialization is employed, and convergence is seen to oc-
cur in a few iterations. Figure 2 shows the resulting output
sequence {yk}, which is nearly binary except for leading
and trailing terms which are nearly zero, induced by an
increased sequence length from the channel-equalizer con-
volutional cascade.

6. CONCLUDING REMARKS

The iterative algorithm developed here is well suited to
signal restoration over finite intervals. The computational
complexity is dominated by the initial QR decomposition,
with subsequent power iterations contributing but a mod-
est computational load. By contrast, the ACMA [4] (itself
an iterative algorithm) requires a singular value decom-
position, QZ iterations, matrix inversions, and so forth,
presenting a significantly higher computational burden.

For simplicity, real signals and channels have been
considered, as the extension to complex signals and chan-
nels is straightforward.
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Figure 1: Evolution of cost function Fi.
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Figure 2: Output sequence {yk} after convergence.
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