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connecting two points in the multiuser constellation is a Delaunay Gradient Search Interpretation of the Super-Exponential
segment, thus facilitating the construction of the Voronoi diagram. In Algorithm
addition, we have shown a direct link between the algebraic notion
of “indecomposable error sequences” introduced by Verdi and the ~ Mamadou Mboup and Phillip A. Regaligellow, IEEE
geometric notion of a Delaunay segment.

Based on the obtained results, two approximate ML detectors were

; it _Abstract—This correspondence reviews the super-exponential algorithm
introduced whose performance compared well to existing popular glroposed by Shalvi and Weinstein for blind channel equalization. The prin-

gorithms. ciple of this algorithm—Hadamard exponentiation, projection over the set of
attainable combined channel-equalizer impulse responses followed by a nor-
malization—is shown to coincide with a gradient search of an extremum of
a cost function. The cost function belongs to the family of functions given
as the ratio of the standard£., and £, sequence norms, whergp > 1.
. . . This family is very relevant in blind channel equalization, tracing back to
The authors wish to thank Jianer Chen, Ruiyu Wang, Predrag Spasgnoho’s work on minimum entropy deconvolution and also underlying
jevi€, Tony Ottosson, Xiaodong Wang, and anonymous reviewers fibe Godard (or Constant Modulus) and the earlier Shalvi-Weinstein algo-
helpful suggestions and discussions. rithms. Using this gradient search interpretation, which is more tractable
for analytical study, we give a simple proof of convergence for the super-ex-
ponential algorithm. Finally, we show that the gradient step-size choice
giving rise to the super-exponential algorithm is optimal.
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a Channel | u, [Equalizer subset off, can be reached by varying the equalizer coefficients; this
R {hi} M {gx} — Yn is termed theindermodeledase.
An ideal setting of the equalizer is one which brings the combined
{sx} responses into a pinning vector form
- tA
Fig. 1. The channel-equalizer combined response. s=1[.. 0\1/0' ol =en

domain of attraction of each maximum of the corresponding cost funccqrrespondlng to an_sample pure de_lay.
Recall that for a given real vectar its »nth Hadamard power, de-

tion nor how these maxima are approached. noted as®™ _is defined componentwise b
Section Il is devoted to these questions. More explicitly, Proposi- ’ (3(;\,,91) m Y

tion 1 establishes the equivalence between the super-exponential al-

gorithm and a gradient-search algorithm whose associated cost fuwgtylz’ ot;ﬁer_\(/je tl?at i tt?e ddomlnant term o:)s unique agd(;rg)p?;;tﬁn
tion is precisely one member of Donoho’s family of functions. Thé" en the ideal combined respoesemay be approached by

gradient search is constrained within the set of attainable combi gdamard powefs/s,) "™ asm tend§ o '““T“ty- This observation .
channel-equalizer impulse responses. With this gradient search irﬂ 1o the SO.'C&IIEd super-exponential glgorlthm proposed by Shalvi
pretation, the analysis of convergence reduces to an analytic descripﬁm Weinstein (see [10] and [13]) andﬁgnven by

of the error surface. Indeed, this study becomes more classical although v ="Pas, (4a)

it may be a difficult task to obtain an analytic parametrization of the 8(ht1) = v (4b)
error surface [12]. From this follows a simple proof of convergence ereq is an odd numbe = 2p—1 V\|I|i5[/|’|l| »> 1 and the algorithm is ini-
the super-exponential algorithm. Finally, we show in Section IV th% 1 b !

. . ) L ) ) i S Il = i
the gradient step-size choice giving rise to the super-exponential alg(as)\[!zed by somes(o) € S such thaf|s()|| = 1, using the same norm

rithm is optimal. Section Il gives the notations and a brief review of the in (4b). One may verify t_ha_t the sgl_)space angle_between two succes-
. . sive updates ;) ands ;1) is insensitive to the choice of the norm in
super-exponential algorithm. )

(4b); to simplify certain developments to follow, we may thus assume
{> normalization with no loss of generality. This algorithm has also
been obtained in an independent and more constructive way in [11], as

We consider the cascade structure in Fig. 1 and we assume thataheterative procedure for seeking a local maximum of the family of
channel is real, stable, and causal. The combined channel-equalizerdbjective functions

Il. PROBLEM SETTING AND PRELIMINARIES

pulse responsgs; }, mapping the source sequer{ee, } to the equal- _ [ lsll2p \** _ . ,

! g fgp (S) = B = 2, N oN (5)

izer output sequencly.. } as in _ llsllo J ,
= stnfk 1) One may readily check thgt, (3s) = fo,,(8) for any3 # 0, showing

- that f2,(8) is insensitive to the radial parameter £fWe may also
is the convolution of the channgh, }v>o and the equalizefg, -, Verify the boundedness property< f,(s) < 1foralls € (..
impulse responses - This family of functions traces back to Donoho [9] and is very rele-
vant in blind deconvolution. For example, the popular Godard algo-

L rithm [6] as well as the earlier Shalvi-Weinstein algorithm [7] both
se= Y gk (2)  amount to seeking a maximum gf(s) although they use different
¢ assumptions on the source signal statistics (see, e.g., [7], [8])-
Here, the length of the equalizerlis+ 1. The received sequenée., } The next sec.tion goes further. into thg interpretat.ion of the super-ex-
is NV-dimensional, withV" > 1. ponential algorithm (4) by showing that it may be viewed as a gradient

This accommodates both the baud rate ¢@ée= 1) and the mul- descent procedure.
tisensor and/or the fractionally spaced c&3e > 1). Each coeffi-
cienth,, is, therefore, aV -column vector while eacl, is anN -row lll. A GRADIENT SEARCH METHOD
vector. We assume that the channel and equalizer are both bound_eqve recall that the directional derivative of a functignR™ — R

input—bounded-output stable so that the convolution in (2) results (®cally Lipschitzian) as, in the directiond € R™ is [14]

a square-summable sequencelgin In matrix form, this convolution . _ f(s+td) — f(s)
reads as f(s.d)= 1751}{)1 : -
- s [ ki o ... 0! If f is differentiable ats, then this directional derivative becomes
0 } . ' (s,d) = (Vf(s),d), whereV f(s) is the gradient off ats. We
$1 hf, hf, .. : t . . . .
) 1 0 9? proceed to introduce the concept of a projected gradient which,
: : ot 9 naturally, extends that of a directional derivative in a multidirectional
sL I Bt Rt : (3) setting. LetS be a vector subspace Bf* and letP be the orthogonal
spo | | at £ h’ ' h? , projection matrix fromR™ into S. Then, the projected gradient ¢f
. A in S, or equivalently, the gradient ¢f overS, at a points € R™ is
L VR defined as
A,—/ L -~ - ,
s H .f (87p1)
S N
showing that the combined resporsis restricted to the range space V7f(s) =
(in £2) of the convolution matrix<. We denote this space I8/ : the f'(s,p,,)

{5 subspace of attainable combined responses. The orthogonal projec-

tion operator ont 4 is given then byP4 = H(H'H)*H?, where the Erepy,- .-, <
superscriptt denotes the (pseudo-) inversion. A, = I, then any V7 f(s) =PV f(s)

prescribed combined response is attainable; this is termedutfie and the gradient of overS, V° f(s), is simply the projection of the
cient-ordercase. If, on the other han®4 # I, then only a proper gradient off into S.
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Now, we are ready to show the following equivalence. Proposition 2: Let the two sequence$A; }r>o0 and {a}i>o,

Proposition 1: The super-exponential algorithm in (4) with nor where);, anday, are defined as above, be obtained at the successive
S i} . ) > 7" iterations of (6). Then, we have the strict interlacing propert
malization is equivalent to the gradient search algorithm defined by (©) g property

1 : 0 < Ap < ag < Appr <1, 13
v =83+ 0o (50 PaV fap(8(k)) (62)  and the inequality BSORS A S (13)
14
S(k+1) = ”y”2 . (6b) >‘/€+l - > 2])(0‘/1»’ - Alw) (14)

except whes, is a stationary point, in which case, we have the chain
of equalities\r, = ax = App1 = apy1-
Proof: Observe first that the boundedness of the sequéngé

by 1 is a straightforward consequence|efy, ||*> = 1 while we already

Remark 2: Note that the cost function associated with th&now that\, < 1, with equality if and only ifs 1) is a stationary point
gradient algorithm (6) corresponds to the restriction dn of corresponding to an ideal combined response. Next, one may verify
f2p(8) = In{f2,(s)}. Because of this restriction, a stationary pointiirectly from the definition of the functiotfs,, that
of the algorithm need not coincide with a local maximum or a saddle _
point of 5, (8) in the strict sense (i.e., in the whole sp&e). Vfap(8) =2p(s™" = f2,(8)s)

Remark 1: If this algorithm is initialized by some unit;-norm
vectors) € Sa, thens is also of unit/2-norm and belongs to
S for all iterationsk.

Remark 3: Note also that the cost function may be identified as thier anys such that|s||* = 1. For any sucls, we have the orthogonality
restriction off2,,(8) in Sa. In this case, (6) may be written in a more

general form as (8,V fop(8)) = 2p (8.8"") =2p fo,(8)(s,8) = 0.
v =80y + 1 VA fop(801) (7) J2p(e)
with the variable step-size parameter given by This then impliegs), 2(x)) = 0 and, applying the Pythagorean the-
1 orem to (11), we have
Ik

© 2pfap(sy)

In the sequel, we sqté 2p — 1. ) o, ) , _
Proof: As the objective is to find a local maximum ov@ ofthe ~ SINCEl[8(k+1) |2 = |8 [l = 1, we obtaimi = A 4|z, |2, which

aillscernllz = AXlse 15 + 2w 13-

cost functionfs, (), we consider the projected gradi&it 4 fo,(-) shows thatvy > A for all &, with equality if and only ifz;) = 0,
Saf Jp— i.e., at a stationary point.
VT fap(s) = PAV]‘Z”(SZ (8) We now establish the inequality (14) and next complete the proof of
— 2P ( LA ) the interlacing property (13). To proceed, let us wsite, ;) from (11)
Islizy sl )~ as

Each iteration of the gradient algorithm in (6a) and (6b) yields a vector
sy € Sa satisfying||sx,||> = 1. Therefore, by using the above

expression of the gradient, one may rewrite (7) or equivalently (6a) as . .
where we identify

A 1 N
S(k+1) = i S0 T - ER) T 80y T Ew)

Y st 73,488;’) Sy 1 734(3@(1) (10) 1 Ok — A\
- k b - - P : T = - "
W sl TswlE ~ Fanlog) ~ By = o s — M g,
and adding the normalization step, we recover the super-exponendigice the functiorj| - [|37 is convex, its graph lies above its tangent
algorithm (4). L' hyperplane at(;). Therefore||s(.) + & |35 is minimized by
To simplify further the expressions, let us fix the following notations: . 2 2p -
Py P g Nt = o) + & 135 > s 132 + (Vs 135 8) - (15)
A A jor 2
Ao 2 fop(sk))  an = [PalsiI > At 22 (833 2())
2 ar ;
and rewrite the gradient search algorithm (6) in a more compact form ap — Ak oq
as — 2p———— (8(s). 50 (16)
o
> e+ 2p(ak — k). a7)
g 8(k41) = )\kS(k.) + Xk (112)
where

The strictinequality (14) then follows upon noting that the coincidence
set between the graph [pf ||§§ and its tangent hyperplanesi,, does
not contain the elemes;.11). |8+ |55) unlessz(,, = 0.

Finally, subtractingy;. from both sides of that inequality yields

1
Ty = %'PAVpr (8(;{)).

Remark 4: Observe that if we defing;. as the angle between the
successive updates;y ands;,1), then we find thatos (6x) = i—’;
and we may write

A1 > ap + (2]7 — 1) ((}’,k - /\k) > g
which completes the proof. O

8(5t1) = cos (0)8() + sin (01 )z () (12) The convergence of the algorithm is thus a direct consequence of the
sequencg\; } x>0 being strictly increasing and bounded. In addition,
observe that the interlacing property (13) shows that the two sequences
Having established that the super-exponential algorithm is a gradig¢nt } . >0 and{a } x>0 converge with the same rate, to the same limit.
search method, we now use this interpretation to give a simple and shdmfortunately, this observation does not allow one to deduce the rate of
proof of convergence (see also [11]). We have convergence of the algorithm in the undermodeled case. We shall show

which provides another interpretation for the algorithm.



2734 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 46, NO. 7, NOVEMBER 2000

in the next section, however, that the step-size associated in Remahl% @) of hi(-) reads as

to the gradient algorithm is optimal for convergence speed. , a? = \2
hi (i) = ——— (1 = Xgjun).-
Yk
IV. STABILITY BOUND AND CONVERGENCESPEED Thus the choice, = ;T is optimal, and this completes the prodil

As suggested in Remark 3, we consider the gradient algorithm of (6)
in its general form V. CONCLUDING REMARKS

The super-exponential algorithm for blind channel equalization has
een reviewed in the more realistic undermodeled case. In a previous
(18b)  work, we have characterized the possible convergence points of this al-

gorithm as the maxima of a membigf., (s(x)) of a family of blind
where the (positive) variable step-sizg is now a free parameter. In equalization criteriaincluding the popular Godard and the Shalvi-Wein-
this section, we derive a bound for the rangg pnsuring the stability stein costfunctions. This association of the super-exponential algorithm
of the algorithm. We also show that the selection of the step-size quowith the principle of maximizing a cost function has been made more
in Remark 3 is optimal for the convergence speed. These results @xplicit in this correspondence. We have shown that the algorithm is
established in the following theorem. seeking a local maximum over the set of attainable combined response
. . . . isof f2,, (), usingagradientsearchmethod. This has allowed ustorewrite

_Theorem 1: Consider the algorithm of (18) with a variable stepy,q 5 ner-exponential algorithm in a form of a classical gradient algo-

SIz€fuk. ) . . . . rithm which is more tractable for convergence studies. We have given
1) If for each iteratiork;, the step-sizg:. is chosenintherange , pyonosition 2 a simple proof of convergence for the algorithm. Some

V = 8(k) + u‘k’PAVfgp (3(1\»)) (l8a) b
v

D =

2k issues concerning the convergence rate have also been considered: we
0<ps < N2 _ o2 have shown that the variable step-size associated with the algorithm is
g b optimal for convergence speed. We have also given for each iteration, the
then the algorithm remains stable. range value of the step-size that guarantees the stability. In the absence
2) The choice of an analytic description of the “attainable” error surface, deriving a
1 convergence rate remains open in the undermodeled case.
Itk = =
Ak
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