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ABSTRACT
Design procedures for decision feedback equalizers often
assume that past decisions are corect, leading to subopti-
mal performance once incorrect past decisions are injected
into the feedback loop. Here we revisit the approach ad-
vocated by Labat et al. [3], which consists in designing an
IIR equalizer using a blind equalization criterion. Instead
of adapting the poles and zeros by different criteria, as
proposed in [3], we consider the Godard/Shalvi-Weinstein
criterion for IIR equalizers. A characterization of station-
ary points is obtained for the general undermodeled chan-
nel case, and simulation results are included.

1. INTRODUCTION

Decision feedback equalization is recognized as a powerful
technique to combat intersymbol and co-channel interfer-
ence [1], [2]. Traditionally the design equations for the
feedforward and feedback parts of the system assume that
past decisions are correct, or equivalently, that a training
sequence is available, leading to suboptimal designs once
incorrect past decisions are reinjected into the system.

A potentially more robust approach (e.g., [3], [4], [5])
is to directly design an IIR equalizer based on a blind eq-
ualization criterion, such as the Godard/Shalvi-Weinstein
criterion. This avoids assuming past decisions to be cor-
rect, and the feedback section is optimized at least for a
soft-decision model; simulations results from [3] indicate
favorable behavior upon replacing the soft decision with
a hard decision. Little work has been done, however, on
characterizing solutions to blind IIR equalizers in realistic
undermodeled cases, due apparently to the nonlinearity of
the relevant equations once a higher-order criterion is used
for the design of the feedback part [5]. If instead a second-
order whitening criterion is used to design the feedback
part, as proposed in [3], then the stationary points may be
characterized as in [4].

Here we characterize stationary points for adaptive IIR
equalizers designed using the Godard/Shalvi-Weinstein cri-
terion, when applied to noisy, multi-user channels, with no

knowledge of the channel impulse response length. For
ease of notation, z (rather than z−1) will denote the unit
delay operator.

2. PROBLEM STRUCTURE

We consider a multi-source communication channel, in
which the received signal {un}, comprising P components,
assumes the form

(P l) un =

∞∑

k=0

Hk sn−k (1)

Here the vector sn collects Q source signals, which are
assumed i.i.d., mutually independent, and scaled to unit
variance, while {Hk} is the impulse response of the Q-
input/P-output channel. We suppose (realistically) that the
number of sources Q exceeds the number of sensors (or
oversampling factor) P, giving thus a rectangular channel
which will not admit a left inverse.

A seeming generalization to the above model is to
include channel noise bn, leading to the form

un =
∞∑

k=0

Hk sn−k + bn. (2)

If the noise bn is Gaussian, however, then we may always
develop an innovations model of the form

bn =

∞∑

k=0

Fkαn−k (3)

in which the components of αn are white, Gaussian, mu-
tually uncorrelated (and hence, i.i.d.), and scaled to unit
variance, while {Fk} is the (matrix-valued) impulse re-
sponse of a modelling filter for the Gaussian process bn.
This, in effect, expresses the noise term as the output of a
virtual channel with impulse response {Fk}, driven by vir-
tual sources contained in αn. We may therefore combine



(3) with (2) to write

un =
∞∑

k=0

[
Hk Fk

][ sn−k

αn−k

]

This assumes the same form as our original model (1)
modulo some obvious notational adjustments. (This will
generally lead to Q > P, i.e., a channel with more inputs
than outputs). We may therefore treat background noise
and interfering sources without particular distinction, and
return to our original model (1).

The matrix D will denote the diagonal matrix contain-
ing the fourth-order cumulants of the sources; Gaussian
noise innovation sources will, of course, have fourth-order
cumulants equal to zero. The diagonal operator

D=




D ©
D

© . . .


 , [∞×∞],

concatenates copies of D along the main diagonal.
For the equalizer, we shall consider a P-input/single-

output IIR filter of the form sketched in Figure 1, viz.

g(z) =

∞∑

k=0

gk zk =

[
B1(z) B2(z) · · · BP(z)

]

A(z)

=
b0 + b1z + · · ·+ bNzN

1 + a1z + · · ·+ aMzM

expressed using a common denominator A(z) = 1 + a1 z +
· · ·+ aM zM which is assumed minimum phase (all zeros
in |z| > 1), and where each numerator polynomial Bi(z)
has degree note exceeding N. The P-input/single-output
equalizer impulse response is denoted {gk}.

The equalizer output yn may now be written in many
equivalent ways as

yn = g(z)un =

∞∑

k=0

gk un−k (equalizer)

= b(z)
un

A(z)︸︷︷︸
∆
= xn

=
N∑

k=0

bk xn−k (partial regressor)

= g(z)H(z)sn =

∞∑

k=0

ck sn−k (combined response)

The final line uses the combined response {ck} which is
obtained as the convolution of the channel and equalizer
impulse responses. The previous line uses the partially
filtered regressor xn obtained by passing the received signal
un through the all-pole filter 1/A(z) (cf. Figure 1). We may
write this partially filtered regressor in terms of the source
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Figure 1: IIR equalizer, using two cascade arrangements.

sequence as

xn =
∞∑

k=0

Φk sn−k, where
∞∑

k=0

Φk zk =
H(z)
A(z)

3. MAIN RESULTS

We shall characterize the stationary points of the Shalvi-
Weinstein criterion

J[A(z),b(z)] =
cum4(yn)
[E(y2

n)]2
(4)

where cum4(yn) = cum(yn, yn, yn, yn) is the fourth-order cu-
mulant of the equalizer output. Note that each stationary
point (resp., minimum) of this function in the parameter
space generates a stationary point (resp., minimum) of the
constant modulus criterion in the same parameter space,
and vice-versa [3], [6], [7]. Therefore, our characteriza-
tion of stationary points summarized below applies to the
constant modulus algorithm as well.

To this end, let

c =
[
c0 c1 c2 · · ·

]t

be the vector containing the combined response sequence.



Similarly, let

F =




Φt
0 © ··· ©

Φt
1 Φt

0
. . .

...

Φt
2 Φt

1 Φt
0 ©

...
. . .

. . .
...




[∞× P(N+1)]

be the convolution matrix associated with the partial chan-
nel Φ(z) = H(z)/A(z). In this way, we may write

c =F




bt
0
...

bt
N




in terms of the numerator coefficients {bk}. Note that
the combined response always lies in the column space of
F , but that this column space varies with A(z). We shall
let PA denote the orthogonal projector onto this column
space:

PA =F (F tF )−1F t

Finally, we shall need the autocorrelation and cumulant
slice sequences:

rk = E(yn yn−k)
γk = cum(yn, yn, yn, yn−k)

k = 0,1,2, . . . ,

as well as their one-sided transforms

R(z) =
r0

2
+

∞∑

k=1

rk zk, |z| < 1

Γ(z) =
γ0

2
+

∞∑

k=1

γk zk, |z| < 1.

If we scale the combined response to unit `2 norm
(‖c‖2 = 1), then r0 = E(y2

n) = 1 and γ0 = cum4(yn) = J
from (4), and we have:

Theorem 1 Let c be scaled to unit norm.

1. The derivatives of J with respect to the coefficients of
b(z) all vanish if and only if

PADc�3 = γ0 c

where c�3 is the Hadamard (or componentwise) cube
of the vector c, i.e., [c�3]k = c3

k .

2. The derivatives with respect to the denominator coef-
ficients {ai} all vanish if and only if

γ0 R(zi) = Γ(zi), i = 1,2, . . . ,M;

where the {zi}M
i=1 are the reciprocals of the zeros of

A(z).

Proof: For part 1, if we fix the coefficients {ak} and
absorb the factor 1/A(z) into the channel, we are left with
an adjustable FIR equalizer b(z). The characterization of
stationary points from [9] then applies immediately.

For part 2, the derivatives of J with respect to the
coefficients {ak} become, for k = 1,2, . . . ,M,

dJ
dak

=
d

dak

cum(yn, yn, yn, yn)
[E(y2

n)]2

∣∣∣∣
E(y2

n)=1

= 4

[
cum

(
dyn

dak
, yn, yn, yn

)
− γ0 E

(
dyn

dak
yn

)]
.

Now, with yn = [b(z)/A(z)]H(z)sn, we have

dyn

dak
=
−zk

A(z)
b(z)
A(z)

H(z)sn =
−zk

A(z)
yn, k = 1,2, . . . ,M.

Therefore, with the expansion 1/A(z) =
∑∞

i=0 αi zi, the M
constraints dJ/dak = 0 may be written as




0
0
...
0


=




0 α0 α1 · · · αM−1 · · ·
0 0 α0 · · · αM−2

. . .
...

...
. . .

. . .
...

. . .
0 0 · · · 0 α0 · · ·




︸ ︷︷ ︸
C







γ0
γ1
γ2
...


− γ0




r0

r1

r2
...







From the Beurling-Lax theorem [10], the null space of C
is composed of all vectors f = [ f0, f1, f2, . . .]t whose strictly
causal part yields a z-transform f+(z) =

∑∞
i=1 fi zi which

vanishes at the reciprocals of the zeros of A(z). Setting
f (z) = Γ(z)−γ0R(z), we have f (0) = γ0−γ0r0 = 0 since we
have scaled the combined response such that r0 = E(y2

n) =
1, giving f (z) strictly causal. Part 2 now follows from the
relation f (zi) = 0 for i = 1, 2, . . ., M. �

Note that R(z) is a positive real function (ReR(e jω)≥ 0
for all ω) because {rk} is an autocorrelation sequence. The
scaled function Γ(z)/γ0, however, will not be positive real
in general. Part 2 above shows, interestingly, that sta-
tionary points with respect to the denominator coefficients
{ai} result in Γ(z)/γ0 interpolating the positive real func-
tion R(z) at the reciprocals of the poles of the equalizer.
This then implies that the Pick matrix P with (i, j )-element

Pij =
Γ(zi) + Γ∗(zj )
γ0(1− ziz∗

j )

is positive definite (e.g., [11], [12]).

4. ADAPTATION ALGORITHMS

Expand each numerator polynomial as

Bp(z) = bp
0 + bP

1 z + bp
2z2 + · · ·+ bp

NzN , p = 1,2, . . . ,P.



The general form for the constant modulus algorithm is

bp
k (n+1) = bp

k (n)−µ (y2
n−1)yn

dyn

dbp
k

ak(n+1) = ak(n)−µ (y2
n−1)yn

dyn

dak

By writing the equalizer output as

yn =
[B1(z) B2(z) · · · BP(z)]

A(z)




u1(n)
u2(n)

...
uP(n)




︸ ︷︷ ︸
un

the gradient signals are deduced readily as

dyn

dbp
k

=
zk

A(z)
up(n)

dyn

dak
=
−zk

A(z)
yn

The adaptation algorithm then appears as

bp
k (n+1) = bp

k (n)−µ (y2
n−1)yn xp

k (n)

ak(n+1) = ak(n) + µ (y2
n−1)yn ξk(n)

in which the computation of the filtered regressors xp
k (n)

and ξk(n) is illustrated in Figure 2, for the order M = N =
3.

A direct-form filter can go unstable once its coeffi-
cients are adapted, unless special constraints are absorbed,
such as

∑
k |ak(n)| ≤ β < 1 for all n [13]. This instability

problem can be avoided by using a recursive lattice filter
instead [10]; a flowgraph realization appears as Figure 3,
with the corresponding adaptation equations as

bp
k (n+1) = bp

k (n)−µ (y2
n−1)yn xp

k (n)

θk(n+1) = θk(n) + µ (y2
n−1)yn ξk(n)

Simulation: Consider a binary source passing through a
single-input, two-output channel

[H1(z)
H2(z)

]
, whose impulse

response, arranged as two vectors, is

h1 =




−0.158210
−0.092443
−0.456130
−0.427693
−0.264448
−0.034160
−0.012634




, h2 =




0.025340
−0.375847
−0.797623
−0.931303
−0.667453
−0.302098
−0.070648




.

For this example, the two channels H1(z) and H2(z) share
common (minimum phase) zeros at z = 1± j , thereby vi-
olating the channel disparity condition. White Gaussian

u1(n)

uP(n)

y(n)

•••
•••

ξ1(n) ξ2(n) ξ3(n)

z z z
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z z z

a3(n)a2(n)a1(n)

–––

Figure 2: Filtered regressor signals for the IIR constant
modulus algorithm in direct form.
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Figure 3: Filtered regressor signals for the IIR constant
modulus algorithm in lattice form.
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Figure 4: Decimated output sequence from the lattice IIR
constant modulus algorithm for the simulation example.

noise, of variance −40 dB, is added to either channel
output. Figure 4 shows the (decimated) output sequence
generated from the lattice IIR constant modulus algorithm,
using N = M = 4 for the filter order and µ = 0.003 for
the step size, initialized with a sole nonzero coefficient
b1

3 = 1. Figure 5 shows the (decimated) output from the
standard FIR constant modulus algorithm, using the same
parameters and initialization. The inability of the FIR
version to open the eye is not surprising, given that the
channel disparity condition is violated.

For channels which satisfy cleanly the disparity con-
dition (no common zeros), on the other hand, the FIR
version of the Godard algorithm performs quite well [6].
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