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Undermodeled Equalization: A Characterization of
Stationary Points for a Family of Blind Criteria

Phillip A. Regalia, Senior Member, IEEEand Mamadou Mboup

Abstract—We attack specific problems related to equalizer are distinguished essentially by the residual delay provided by
performance in undermodeled cases in which assumptions of each.
perfect equalizability are dismissed in favor of a more realistic Although this basic result is quite encouraging, knowledge

situation in which no equalizer setting may achieve perfect f the ch li | | i ired to ch
channel equalization. We derive a characterization of candidate or the channel Impulse response length IS required 1o choose

convergent points for a family of blind criteria which appeal, the correct equalizer length, and deducing this length is not
tacitly or wittingly, to maximizing the ratio of different sequence  necessarily a well-conditioned problem. For this task, channel
norms of the combined channel-equalizer impulse response. This grder estimation procedures may certainly be envisaged, but
may be accomplished in a practical implementation by USINg . astimator can claim perfect accuracy, and the true channel

equalizer output cumulants of different orders. The popular . . .
Godard and Shalvi-Weinstein schemes are accommodated at/€ndth may be slowly varying (compared with the baud rate) in

one extreme of the family of criteria. We also show that each time, reaching, on occasion, a value higher than any estimator
maximum at the other extreme of the family, involving progres- may venture to determine. Performance degradations due to
sively high_ﬁ]_order OUtﬁ’Utﬂ?“t”?)‘l{'agtslv yi‘“f:ﬂsv precisely, a Wie_nerl insufficient length equalizers are thus inevitable.

response. This suggests that blind algorithms using progressive o ,

higﬁer order statigt?cs may convergeg more closelg rt)o g Wienery Here, we attack specific problemg relat(?d to equallz.er per-
response than those using more modest order statistics. We show,formance in undermodeled cases in which assumptions of
moreover, that the superexponential family of algorithms is also perfect equalizability are dismissed in favor of a more realistic
included and establish a convergence proof for undermodeled situation where no equalizer setting may achieve perfect
cases that appeals to no approximation. Finally, some apparently channe| equalization. This occurs, for example, if the equalizer

novel bounds on attainable open-eye measures in undermodeled . . . . I,
cases are also derived. length is insufficient and/or the channel disparity condition

The grass is greener on the other side of the fencié._ violated, even in the_ absenc_e of channel noise._ The i_de—
—common proverb alized scenario, featuring multiple gonyerggnt points W'Ith
each achieving perfect channel equalization, is deformed into
a more realistic and daunting scenario in which multiple
convergent points are still present but now offering disparate
L . .. performance levels.
LIND equalization methods for digital communication ¢ \nqermodeling refers to an equalizer's inability to restore
systems are an attractive aIFernatlve to their traininge transmitted sequence perfectly, then contributing factors
sequence based counter_parts. as blind m.eth.ods do nqt squa be recognized in background noise, multiple sources
precious channel capacn_y with the periodic t_ranfsm|33|on 8Le to spectral leakage and/or imperfect demultiplexing, and
_trammg sequences. Fract_mnally Spac?d equa|_|zat|on metholﬂ%tjfﬁcient equalizer lengths. We shall focus our attention on
n partlcular, have met with renewed |_nterest In recent YeaRe |atter factor, in a single-source, noise-free setting. While
owing to recent .results. [11-{4] sh(_)wmg that perfect_ chang i certainly a simpler setting to treat, it is not, as such,
nel equallz.atlon. IS atf[a!natl)le, prov_|ded the channel 'mpma?ementary. It does, however, allow us to offer an algebraic
response is strictly finite in duration, the polyphase COMYefinition of “undermodeled” (Definition 1 in Section Il) that
ponents of the oversampled _channel_ _have N0 COMMON 2§43 05 relevant for the present paper, and the insights gained
(the so-called channel disparity condition), and the equali ray hopefully motivate starting points for tackling the more
impulse response length is chosen correctly. Some pOpuéﬂ%llenging multisource, noisy channel setting
blind adaptation algorithms can also claim (e.g., [4]-{6]) to be We address, in partic'ular the characterizatic.)n of candidate
free from suboptimal convergent points in such cases, i. ’ ’

althouah multiole converaent points generically exist. ea onvergent points for a family of blind criteria that appeal,
oug P 9 point g y » €ag citly or wittingly, to maximizing the ratio of different norms
achieves perfect channel equalization; the convergent points

the combined channel-equalizer impulse response. Yith
denoting the vector built from this combined response (see
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Fixed Adjustable vector of N elements. We assume the channel is stable
gy—»| Channel | % [ Equalizer | (> Ihs|] < o0) and causall{; = 0 for i < 0). For the
{h:} {g:} baud-rate, single-sensor case, we take= 1, whereas the
{si} > fractionally spaced and/or multisensor case corresponds to
Fig. 1. Channel-equalizer cascade. N > 2. The equalizer output becomes
L
seriously. The family of criterid),,(s) is relevant because the Yi = ng Wk
k=0

Godard [7] and Shalvi-Weinstein [8] schemes are known to

have convergent points at the maximalf(s), as reviewed in in terms of the equalizer impulse resporge} of lengthL+1;
Section 1, and we show also that the superexponential famiych termg, is a row vector of N elements so thafy;} is

of algorithms [5] in fact seek the maxima &k, (s), wherep 3 scalar-valued sequence.

is a user-chosen integer no smaller than two. From the cascade structure of Fig. 1, the combined impulse

Section Il reviews the problem Setting and mathematicasponse{si} mapp|ng the source Sequen({ai} to the
preliminaries for our study. Section lll shows, for underequalizer output sequendg;}, as in -

modeled cases, that each maximumi|eflz,./||s||2 asp —
oo Yyields precisely a Wiener response. This suggests that Yi = Zsk Gi—k
blind equalization methods using progressively higher order k
statistics may converge more closely to a Wiener responsehe convolution of{h;} and {g;}
than those using more modest order statistics, although this
result must be tempered in practice by the higher variances L
typically exhibited by higher order statistical estimates. 5i = Z g by

Section IV presents a necessary and sufficient condition for k=0
a candidate attainable combined response to be a station&ithe channel and equalizer are both bounded-input bounded-
point of D, for finite p. The characterization is nonlinear,output stable, then the combined response will be absolutely
as perhaps expected, but tractable. Section V introducesummable. This implies square summability @S, |s;|* <
nonlinear map whose fixed points are precisely the stationaky), meanings will belong to the sequence spaée
points so sought. A simple iteration based on this nonlinearin matrix form, the convolution betweefh, } and{g,} can
map allows us to recover the superexponential algorithm bé written as

Shalvi and Weinstein [5], who argued for convergence to a -~ _ ~hf ol ... ol
solution resembling a Wiener filter, provided the undermodel- 50 0 ) )

ing effects are not too severe. We give a much stronger result in 51 h{  hi . 80
Section V, namely, that the algorithm approaches a maximum : _ : . of 5
of Dy, (s) (wherep is user chosen); since our result appeals s | n? ... b7 n¥ :
to no approximation, it applies even if the undermodeling SL+1 th hf - hi| g7
effects are quite severe. As the proofs in Sections IV and V : ) ) ] .

are somewhat technical, the reader wishing to skip them the —_— L oo

~
-~

first time through may do so with little loss of continuity. s H
Section VI derives some apparently novel pounds on Opei?.'is clear that the vectos is restricted to the range space

eye measures for undermodeled cases, which are usefu irl]ng ) of the matrixH: following Yi and Ding [4], we call

simulation studies and prototype verification. Concluding r(% 2 ! 9 g 12)

marks, and directions for further work, are synthesized Irqls space the set of attainable combined responses, which we
Section VI denote S,

Sa={s€ly:{s;} ={gi}*{h}
In this section, we review some basic concepts and consjﬂ;

erations for the channel-equalizer cascade depicted in Fig. is is clearly a linear subspace &. We denote by, the

orthogonal projection operator ont§,; this may be writ-
ten asH(H'H)H', where superscript denotes Hermitian
transpose, and superscriptienotes (pseudo-) inversion.

With {a;} denoting the scalar-valued source sequence to bewe distinguish next “sufficient order” from “undermodeled”
transmitted, the equalizer input is obtained after demodulatiggualizers:

and sampling of the receiver output, giving tié-element  pefinition 1: The equalizedg;} will be termedsufficient

A. Attainable Responses

vector order if P4 = I (the identity) andundermodeledf P4 # 1.
w = th aix (N x1). We illustrate this distinction with two examples:
k 1The definition used here is for convenience in this work. The under-

H htis th inale-i tV | | modeled case does not necessarily exclude an equalizer setting that attains
ere, { z} Is the single-input/V-output (rea or comp ex) an ideal combined response, and accordingly, more restrictive definitions of

channel impulse response, each term of which is a columindermodeled” may prove more appropriate in other contexts.
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Example 1: Suppose the channel impulse response is séquence{a;} has a negative fourth-order cumulant [4]; the

finite duration (4, say), and let same may be shown for sources having a positive fourth-order
M cumulant by using a reparametrization of the equalizer [12].
h(z) = Z hy 2" Deducing candidate convergent points for these procedures
= thus leads us to the following problem.

) ) Problem 2: Characterize all stationary points (including
be the channel transfer function vector. The combined reSPORSExima) of Dy, (s) for eachp = 2,3 o0 ass varies over
52 T Ay ey

{si} will be a vector in the finite-dimensional complex spacg,e set of attainable responsss.

CMFEFL (or its real counterpadRM*EHL if {h} and{gi} |t is known thato < Dy,(s) < 1 for any square-summable
are both real). IV > 2 (fractionally spaced and/or multisensorsequence{si1r and that the upr?er bound of unity is attained if
case) and1(_z) # 0 for all_z (the channel disparity condition), ;g only if the sequences; } has a sole nonzero term (e.g.,
then choosmg the equall_zer ordbln(; sLmallller thaArgML—lN—i- [8], [9]). Since Dy, (as) = Da,(s) for all (nonzero) complex
1)/(N — 1) gives the entire spa@"/*=+* (or RM™* +_) aS  scalarsa, two responsesr(and s, say) are equivalent with
the range space dil (e.g., [4]) so thatPy = L An arbitrary yegpect to this criterion if — as = 0 for some scalary # 0.
vector inCH*E+L (or RM*+E+1) can then be reached by amaccordingly, we shall say thaiDy,(s) admits a “unique”
appropriate setting of the equalizer coefficiefts }. If, on aximum in some subset &, if all vectors in the subset
the other hand, the equalizer orderis chosen smaller than attaining the maximum belong to a one-dimensional (1-D)

(M—-N+1)/(N —1), and/or if the channel disparity conditiong \hspace of the forms, for some vectos, in the subset.
is violated, and/otV = 1 (baud rate, single-sensor case), then \we genote by

only a proper subspace @M+L+1l (or RM+L+1) can be

reached by varying the equalizer coefficients, giving# L. e,=1[..,0,_1,0,..]"
Example 2: Suppose the channel impulse response is in- n

finite in duration(M — oc). If the channel and equalizer

are BIBO stable, the combined responge} will still be local maximum of Dy, (s), for any p > 2, is attained if and

an element of the infinite sequence spégelf the equalizer L . .
order L is finite, then only a finite-dimensional (and, henceonIy if s = ey, for any attainable delay and for an arbitrary

insufficient) subspace of, can be reached by varying theﬁonzero scalar. In the under_modeled ng‘é)A # I, the
. . L o structure of the set of all maxima db,,(s) is less clear and
equalizer coefficients{g;};.,, giving Py # I If we let P

L — oo, then we will obtainPs = T if and only if h(z) dependent om but will be exposed starting in Section llI.

is bounded and nonzero for dll| > 1 (see the Appendix).

the nth unit vector. In the sufficient order cas®,4 = I), a

C. Dominant Cones

B. Criteria to be Maximized Following [4], the nth dominant cone, denoted,, is
comprised of all sequences 3 (attainable or not) whose

A popular criterion for equalization, originating in - . .
Pop q g 9 th term is dominant, real, and positive

Donoho [9], involves normalized cumulants of the fornf®
cumy, (y;)/[cums(y:)]?, in which cum,(-) is the cumulant Sp = {{si} € o s s, > |si] for all i # n}.
of order 2p of a random variable (more on cumulants in - '
system theory can be found in [11]). If the soudgg} is an This is an open set, and its boundary becomes
independent, identically distributed (i.i.d.) random sequence .
and circular if complex, then [8], [9] B, = {{si} € £2: s 2 [si] for all ¢,

with equality for some # n}.

p
cumyy,(4i) cumy,(a;) }
[cunb]gyi)]P - <Z |3k|2p/ <Z |3’“|2> ) [Cum;zai)]p- The closure ofS,, is denotedS,, = S, U B,..

k —F If |s,,| > |s;| for all i # n, buts, is complex or negative

[D2p(s)]2# real, thenas will lie in &, upon choosinge = s /|snl;
fsince Dy,(as) = Dop(s), such “phase normalization” may
be assumed where convenient without loss of generality. Note
that if r ands are both inS,,, so isar + s for all «, 3 > 0

The positive2pth root of the parenthetic term is the ratio o
different sequence norms, viz

Day(s) = IIsl|2p (so thatS,, is a convex cone), and we hayler + 3s||.. =
2 BB arllso + Blisllco- , .
where Definition 3: The nth cone S,, is termed penetrable if
12 Sa NS, 75(2)
Isllap = {(Ek |sk]?2)" ™, 2p < oo _ Penetrablllty of tr_\ezth cone thus means that some equal-
supy, | sk, p = 0. izer setting{gs} exists, which renders theth term of the

Adaptive algorithms seeking a maximum of the functioﬁombmed response dominant.

|cumy, (y;)/[cums (;)]?| met with rekindled interest following _ .

Shalvi and Weinstein [8], who treated the caze — 4. D- Wiener Combined Responses

The Godard algorithm [7], [10] has since been recognized The nth Wiener combined response, denotet”), is the
to likewise seek a maximum ab.(s), provided the source best¢, approximation inS4 to a pure delay ofv samples,
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ie., Proof: We exploit the fact thatD..(s) = D..(as) for
any scalary. We shall choose the scale factor such thatfthe
w™ £ arg min |je, — s||2 norm of eachs equalsD,,(s) within S,, and then deduce the
Coa shape of the surface that results.

To thi d Sy led h that
or w™ = P,4(e,). By the projection theorem (e.qg., [13]), the O this end, suppose eashic 54 is scaled such tha

nth Wiener responsev(™ is unique, and the approximation 5, = ||s||3. (4)
errore,, — w™ is orthogonal taS,. Using the standard inner

product in £y, viz (If s is not so scaled, then = «s will be, upon choosing

a = st /||s||3; since Doo(r) = D..(s), we assume that (4)
(r,s) 27*3 holds without loss of generality.) We then observe that
’ - koK

k <W(") — s,s> = <W("), s> —
. =S8pn — Sp = 0
we thus have, for any € S.4, the relation(e,, —w™, s) = 0,
or in which we recall that the Wiener response™ is a
reproducing kernel [cf. (1)] and thds,s) = ||s]|3 = s, in
sn = (w™ s), forallseS,. (1) view of (4). This shows that andw( — s are orthogonal,
and hence, the Pythagorean theorem gives the relation

This shows that each Wiener response behaves as a reproduc- 9 ) allZ — (e [[2
ing kernel overS4. Since this relation applies to ale S, Istlz + HW SH? o HW H2
it applies to the particular choice= w(), giving for all s € S4 that are scaled according to (4). Since this
relation is equivalent tdjs — sw(™ |, = Z|lw(™],, we
w( = (w, w) = Hw(")Hz. (2) recognize a sphere i, with center iw™ and radius

LW |l2; the choicess = 0 ands = w(™ yield antipodal
This shows that the:th term of thenth Wiener response is points on this sphere. Sincg, = ||s||3, the ¢, distance from
always real and non-negative. From this, we may readily shale origin at each point of this sphere fis||2 = s,./||s]|2,
that the approximation error of theth Wiener response is  which becomed|s||../||s|lz = D(s) for that part of the
sphere that passes through.
0< |len - w(")Hi =1-wl (3) Now, since the sphere includes the origin, the unique far-
thest point from the origin on the sphere is its antiped@’,
which thus attains the unique local maximumsof/||s||2. If
we restrict our attention to that part of the sphere that passes
throughS,,, we obtain part 1. Ifw(™ € S,,, then it becomes
ll. MAXIMA OF D., AND WIENER RESPONSES the unique maximum oD, (s) in Sy NSy, giving part 2. If,
on the other handw(® ¢ S, then seeking a farthest point
from the origin on that part of the sphere that passes through
S,, must push us to the boundaBy,, to give part 3. O
Example 3: Consider a baud-rate equalizg¥ = 1) using
n FIR channel

so thato < wi < 1.

For the sufficient order caggP?s = I), each maximum of
Dy, (s) yields s = ae,, for any p > 2. For the undermodeled
case, by contrast, the set of maxima varies witf maximiz-
ing Da,(s) can be accomplished by using output cumulants
of orders 2 and2p, then D..(s) would represent a I|m|t|ng
criterion as progressively higher order cumulants are used. The [hp h; hy hs hy]
following result shows that each maximum B, (s) in S4 —[0.06 —0.15 054 0.13 0.43]
yields (to within a scale factor) a Wiener combined response:

Theorem 4: Supposes,, is penetrabldS, N S, # 0), and and a two-coefficient equalizer. The spateis then spanned

let w(™ be thenth Wiener response. by the columns of

1) Forals e Sy NS, —0.0832 0.0058

(n) 0.2081 —0.0979

Doo(s) Sn < Q= —0.7492 0.2608

sl HW(")H 01804 —0.7385

—0.5966 —0.1392

2) If w®) e S, then it attains the unique maximum of 0 —0.5980
Doo in S4N S, obtained from the QR decomposition #1. We then have

3) If W(n) € S,., then any maxima O.Do<> in Sa ﬂS_n must Py = QQT, and eachs € SA may be written as

occur along the boundarg3,,.

We remark that if a maximum oD..(s) in Sy NS, is s=Qg= QVC.OSH}
encountered on the bounda#y, (part 3), then enlarging the rsin g
search space farwith an appropriate adjacent dominant conasing a polar parametrization of the two-coefficient equalizer
will generally allow an increase in the functidb..(s). g.
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n8) sin(6)

n(6) cos(6)

Fig. 2. Two-coefficient equalizer in polar forfm cos 8, r sin #]. Each circle contains the origin and a Wiener respons®) @s antipodal points, whereas
dotted lines separate dominant cones.

Since the columns of) are orthonormal, we havgs||. = Given two vectorsr and s (attainable or not), their
|l = |r|- A sphere in the combined response space wilJadamard (or componentwise) product will be noted
by > norm preservation, appear as a sphere in the equalizer

coefficient space[r cosf,rsinf]. We chooser such that r©s with kth component [r ® ]y = r s
Isllz = Deofs). The mth Hadamard power, denote&™, follows similarly as
Fig. 2 plotsr = r(#) subject to the constraint that = m P : , y
Islle = Deo(s) (solid line). Each dashed circle contains the sP" —5®.-.Os
H_/

origin and the equalizer setting attaining a Wiener response
as antipodes; the plot ab..(6) versusé is comprised of
the outermost part of the union of these circles plus theihosekth component issy. If s is in £, so iss®™ for any
antipodal images. The dotted lines separate dominant corfédte m. The superscript asteriskwill denote componentwise
For this example, cones$,, Sz, andS, are penetrable (as arecomplex conjugations*]; = s3. We will frequently encounter
their antipodes-S,, —Ss, and —S,). The Wiener responsesexpressions of the form®? @ (s*)*®~1); as this expression
w® andw® lie in their respective target coneé® andS; is admittedly cumbersome, we choose to introduce a more
and attain the unique maxima d?., within their respective aesthetic abbreviation.

cones. The Wiener respons€® does not lie inS,—despite  Definition 5: The notations®?*~1 is an abbreviation for
this cone being penetrable—and the maximumixg, in S,  the vectors®P @ (s*)©®~1), whosekth component is

occurs at the boundary separatiig and S. [s®<2p—1>]

mterms

|2p—2$

p = Isk k-

We now present the main result of this section.
Theorem 6: Let P4 be the orthogonal projection operator

We now direct our attention to characterizing stationary:q Sa. A candidates € S, is a stationary point 0Ds,(s)
points of Dy,(s) for finite p as s varies over the set of ¢ g only if v

attainable response$,. We introduce first some notation that
will simplify further expressions. Pa(s?r1) = as, for some scalarv.

V. STATIONARY POINTS OF Ds,(s) FOR FINITE p
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If s is scaled to uni?; norm, then ¥/« = D, (s), which is decomposes,, into a 1-D subspace colinear with a candidate
the value obtained at the stationary point. s € S4 and its resulting orthogonal complement

Proof: If sisin &4, andt is any real scalar, the vector a
Sas = {x € S§4 : x = as for some scalar}

q(t) =s +tr St ={x€8s:xLs}

will span 5,4 asr spanss, by linearity of this subspace. Wery,q antire spacé, then admits the orthogonal decomposition
introduce the moments of orders 2 aw of q(¢) as Sas S @ St
As As A

0 0 Now, for all r € S,4, the termr — (s,r})s is in S, and
ma(t) =D la(®F, map(t) =D lax(®)*” orthogonal tos becauses is scaled to unit, norm; this gives
k=0 k=0 r — (s,r)s € S, for all r € S,4. The orthogonality condition
and we suppose thatis scaled to unif, norm for simplicity, (6) then holds if and only if the projection &f*¢?>»~1 along

giving m2(0) = 1. &1, vanishes. This amounts to saying that the projection of
We now introduce the function s“Zr=1) glong S, reduces to its projection alon§ys, i.e.,
2 Map(t) D (O(2Zp—1)N
Fy,(q(t) = [Dapla®)] ™ = [m21(7t)]p, Pa(sV?~Y) = as, for some scalarr.

The directional derivative of the functiafb,, ats, with respect With s scaled to unit’; norm we finally see that

to a directional vector, is defined as [13, chap. 7], [14, pt. V] a = (s,as)
i Fop(s+1tr) — Fyp(s)  dFy,(q(t)) =(s,Pa (S®<2p_l>)>
=0 t dt o = (s5,59~D)  pecause € S,
A candidates € S, is a stationary point of the functiofy, _ Z |5k |2 = [Dap(s)]*
over S, if and only if the directional derivative vanishessat &
for all directional vectors in S4 to complete the proof. O
o a®)| _y foralire s, Remark 1: Note that a scale-factor constraint sris arbi-
dt 0 ’ - trary, as expected; § satisfies Theorem 6, so dogs upon

adjusting the value of the scalar.

By a direct calculation, we have . -
y Remark 2: If we consider the sufficient order cas®,y =

dFs, _ mb(0) mb,(0) — prmgy(0) mb~1(0) mj(0) I), then the statement of Theorem 6 reducest¢?—1 —
dt |,_p - mgp(o) as = 0, which reads componentwise as
= 3, (0) = pmay(0) m5(0),  sincem(0) = 1 si(lsk]*™* —a) =0, forall k.
_ s\pp—Ll/
=2 Re(;_o(s’“) sk (e <S’r>3’“)> This says that all nonzero terms have the same amplitude

(= **-¥«), as first deduced by Godard [7], but using a differ-

_ ©{2p—-1) .. _ .
= 2pRe(s"*™ Y 1 — (s, 1)s). 5)  ent proof that does not readily accommodate the undermodeled
Suppose now we evaluate this latter inner product for sorf@Se: If two or more terms are nonzero, then the stationary
re s, e, point is a saddle point or minimum (see Yi and Ding [4] for
’ N . the case2p = 4; that proof extends readily to the ca®e > 4
(s7P=V r —(sr)s) =z +jy. as well).

For the undermodeled caéB 4 # I), we obtains®(2»—1) —
as = b for someb € Si. As b is not knowna priori,
(s jr — (s, jr)s) = —y +jx this relation does not reveal the form sf Since a closed-
form solution of all stationary points does not appear at hand
for undermodeled cases, the next section develops an iterative
procedure that converges to a local maximumif,(s).

If we replacer by jr—which also lies inSs—we get

because the inner product is a linear functionat.dfrom this,
we deduce that the constraint from (5), viz

Re<s®<2p_1>,r — (s, r>s> =0, forallre S,
is equivalent to V. ITERATIVE CONSTRUCTION OFMAXIMA OF Day(s)

<S®<2p—l>7r (s, r>s> —0, forallres, The stationary points fulfilling Theorem 6 may be identified
’ as the fixed points of a nonlinear mqp= 75,(s), which sends
i.e., consideration of the real part by itself is redundant. Thésunit sphere ofS4 to itself, which is defined as
final form can be written as 1) Takes € Sy, scaled to unit nornjs|| = 1 (the choice
SOp—1) | L (s,r)s, forallre Sa. (6) of n_orm_is arbitrary for now).
2) Project its Hadamard power ontf)
We now introduce the orthogonal complement to the set of
attainable responses, denots¢, and likewise orthogonally v =P (s,
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3) Scale the result to unit normg = v/||v|| (using the is valid for any two vectorgy ands in £,, with strict
same norm as in step 1). inequality whenevety # s. This will give, with respect

It is straightforward to check that the fixed points of this map  to (8)
(i.e., those unit-norms in S for which q = T5,(s) = s) 2p 2p (2p—1)
are precisely the stationary points fulfilling Theorem 6. The Z laul™ = Z sk > 2p Re(s q-s).
following inequality applies wheneveris not a fixed point. » »

Theorem 7:Let s € S, be scaled to unit norm. 1§ = 2) We then recognize that
Ty,(s) # s, then Da,(q) > Day(s). o)

We offer some remarks prior to the proof. Re<s A S> >0

Remark 3: It follows readily that the iterative procedure wheneverq = T, (s) # s by virtue ofq being a scaled

rojection of s®¢?—1),
s+1) = Top(sn) 7) iy >

For the first part, lekk = q — s; a direct calculation shows
in which the subscripti) denotes the iteration number, will ap-that

proach a local maximum db,,,(s), save for an exceptional set O2p—1) _ @(2p—1) (2p—1)
of initial conditions ons .2 Which maximum is approached Re(q s ,q) = (2p — Re(s ,4-s)

depends on the initialization. = (Isk +2x* = Ise]* — 2plsi | Re(sjan))
Remark 4: If we consider the sufficient-order caéf, = k

I), then the iteration (7) reduces to the super-exponential — ZF(Sk,wk) 9)

algorithm proposed by Shalvi and Weinstein [5]sif) € Sy, %

then successive iterates;, converge toe,, at a superexpo- . , ,
nential rate. (If we consider thé,, norm in steps 1 and in terms of the two-variable function

3, then|le, — S(i+1)||oo = |le, — S(i)Hgg*l; by i_nduction, F(s,z) =|s +x|2p _ |$|2p _ 2p|8|2p—2 Re(s*z).

we obtain|le, — sg)lleoc = (len — s lleo)® 1" This is

“superexponentially” contractive becausesf € S, with We show now that#'(s, z) > 0 for all complexs andz. To
(o)l = 1, then|lex — s()lloo < 1). For the undermodeled this end, letz = r¢/?, with 7 = |z|. We may expand the
case(P, # I), the iteration (7) may be found in [5, (22)—(24)],terms of F'(s, ) involving = as

proposed thgrein as a realizable approxima}tion to t.he su- Re(s*z) = r Re(s* i)

perexponential algorithm; see also [6]. Shalvi and Weinstein 2 ) . i 2p
argue that ifPA(sg)@p_”) ~ s7%~1 for all 4, then the |s + x| = (|s|” + 2r Re(s"e’?) +77)P.

trajectory in question should stﬁl converge to a solution negi,ig givesF (s, re’#) as a differentiable function of, whose
a Wiener response. It is not clear from [5], though, how t'}?artial derivative is

approximatior s (s ') ~ s;{*~* should be quantified ~¢

to ensure convergence. The proof of Theorem 7 to follow, F(s,r, ) 2 IF(s,re’?)

and, hence, the convergence inference of the previous remark, or '
appeals to no approximation. = 2p{r|s +rel?|?P2

Proof: For convenience, we assumg normalization in + Re(s*¢?)(|s + red?|P2 — |57,
the algorithm:||s|l2 = ||q|lz = 1. The inequalityDs,(q) > o
Dy, (s) will then follow by showing that If » =0, thenf(s,0,¢) = 0. If » > 0, we can use the identity

LLJP|2 2 .

Z lqw|? > Z |sx|*”, wheneverq = Top(s) #s. Re(s*cj¢) _ |s +re??| |s] _r

We begin with the identity to obtain, forr > 0
Dol =37 s Fsm,6) = pr(fs + a7~ 4 |5 7%)
z " + s+l = [sP)(Js + a7 = |72

— <q®<2p71>7q> _ <S®<2p71)7s> > 0.
— Re<q®<2p_1>,q> _ Re<s®<2p—1>7s>

Now, sinceF(s,0) = 0 for all s, we may write
— Re<q®<2p—1> _ S®<2P—1>’q> + Re<s®<2p_1>’q — S>.

® Fsr®) = [ f(s.pd)dp 20
0
The proof proceeds in two steps. which is clearly non-negative because the integrand is non-
1) We show first that the inequality negative and indeed positive whenever- 0. The sum (9)

is thus comprised of non-negative termsqlf# s, then for
O(2p—1) _ &(2p—1 o2p—1 .
Re<q Pr=h) g0 >,q> > (2p-1) Re<5 r >vq_5> at least one index, we haver;, = |zx| = |gx — sx| > 0 so

2The exceptional set will include, e.g., all saddle points and all crest Iin&gat the sum (9) is positive to give the inequa”ty of the first
leading to such saddle points. part of the proof.
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For the second part, the projectien= P.4(s®(?>»~1) isthe ordering relation between the number of maximaldf,(s)
best/, approximation tos®2r—1) in Sy, i.e., and Dy, 1)(s) can be established remains open.

Example 5: A theme in many works [8], [15], [16] is to
gauge the proximity between a convergent point of the Godard
algorithm [corresponding to maxima @b.(s)] and a nearby
Wiener response. Supposdies at a maximum oD, (s) and
thats is scaled to uni¥., norm. If s € S,,, we then have

. (2 2
v = arg min Hso<2p b rH2
rcSa

= arg in ([}s72 ]2 + 3 - 2Re(s 1)),

If we setA = ||v||2, thenv remains the optimal solution to

the constrained problem llen — slloo = sup |sx] <1
v =arg min Hs®<2p_l> —rH2 e
res, 2 and
||r||2.:A o o He B S@<2p71>H = sup |si|® ! = lep — 8|21
= arg rlgg: (HSO<2p 1)”2 + A2 2Re<so<2p 1>,I‘>). n o= b k n oo
lIellz=A

Sinceas = P4s¥%~1 andw™ = P4e,, we see that
From this, we deduce that if € S4, with ||r|| = A and ) B o(2p1)
r # v, then Rés“(~1 v) > Re(s¥¢%~1 r); dividing [wt —as| = [Pa(en —s Moo
through by the constrainh = ||v||2 = ||r||> gives <Pallos - [len — s 71|

2p—1
Re<s®<2p—l> v > > Re<s®<2p—l> r > = ||7)A||oo':1;2|3k| S
vl “lrll2

for any r in S, different from v with 8 > 0. Sinceq is The right-hand side can be forced smaller by increasing

isaly th led ot h : L oP which suggests that the maxima @¥,,(s) should lie
precisely the scaled projectiory||v||2, whereass # q is not, increasingly closer to a Wiener responsepds increased.
the second part now follows, to complete the proof. O

oo

Example 4: Here, we consider a fractionally spaced equal- 2p Sine of Subspace Angle
izer (N = 2) with channel impulse response 4 2.763e—02
) ) i 6 3.182e—03
0.5098 0.7379 8 3.738¢—04
0.039? —0.0191 10 4.343e—05
0.1170 0.6870 12 5.005e—06
0.4521 —0.0497 14 5.745e—07
0.4813 0.1858
o0 0
hT 0.1877  0.2997 _ _
h% —0.0525 0.3872 The table above lists the sine of the subspace angle between
L1 06456 03901 the Wiener response !4 and the vector maximizing)s,(s)
: 0.7554  0.3561 within S.4 NSy, for successive values of using the same
h%, _0.0518  0.7833 channel and equalizer length of the previous examplep As
0.2088 —0.0582 increases, the subspace angle becomes vanishly small, indicat-
0.3649 0.0521 ing increasing proximity to the Wiener response in the cone.
0.9885 0.2640 Whether such a monotonic decrease vegsisintrinsic, and
07611 —0.0740 what implications this may hold concerning the choiceppf
| _0.0002  0.1192] requires further study.
using an equalizer of ordet. = 5. We run the algorithm VI. OPEN EYE MEASURES

si+1) = Tu(sq)), with s initialized at w(® (but scaled _ _
to unit £,, norm, as with successive iterates) as in Fig. 3(a); We turn our attention now to bounding and ¢, open

this initial point is the maximum ofD.(s) in S4 N &; €ye measures in undermodeled cases; these measures gauge
(Theorem 4). Fig. 3(b) shows the combined respossat the degree of dominance of a given term in the combined
iteration nine;s;, begins to overtake; as the dominant term. response. Is € S, (so that component,, is dominant), the

Fig. 3(c) shows the combined response at interation 20, whi¥yo measures appear as

has converged to a maximum &f(s) in the penetrable part
of coneS, 4. Fig. 3(d) shows the value dP4(s(;)) versus the OEM(s) = Z || |$0]
iteration number(¢), verifying the monotonic rise to its final Jn

value. The curve also illustrates how the convergence rate need
not be superexponential in undermodeled cases. 9 9

For this example,D.(s) does not contain a maximum in OEMg(s) = Z | /|5"| '
&§4 N S;, although the criterid2, (s), for all p > 3, do contain hin
a maximum there. We have observed in many examples tfidiese are also called the maximum distortion and intersymbol
the number of maxima oDs,(s) is upper bounded by the interference measures, respectively [17]. Either measure van-
number of maxima of,,,41)(s), but whether some intrinsic ishes if and only ifs = ae,, for some nonzero scalar. If
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Fig. 3. lllustrating iterative algorithms ;) = Tu(s(;). (a) Initializationsy = w(®) /||w{®) || in coneSs. (b) At iteration nine. (c) After convergence,
now in coneSi4. (d) Monotonic increase ofa(s(;)).

e, € SaNS,, then ans € Sy N'S,,, which minimizes one  We may show that each minimum of OEK4) corre-

measure, need not minimize the other. sponds to a maximum offs||../||s|l1. (The proof mimicks
The measure OEMs) is more amenable to analysis; wethat linking OEM:(s) with ||s||-./||s||2 above). Deducing the
may verify that precise minimum value of OEMs) within a given cone is
1 B difficult, however, because OENk) is not differentiable in
OEMy(s) = DG 1, forallsessns, the conventional sense at a minimum. The following result
°° provides at least upper and lower boundsming OEM; (s)
from which follows within penetrable cones, in terms of Wiener responses.
dOEMy(s) -2 0 Theorem 8: Supposes,, is penetrablgS, NS, # ). For
dDoo(s)  [Doo(s)]? <0 all s € S4 NS,
This shows that OEMs) andD..(s) are related by a negative 1—w
monotonic deformation within a given cone so that any OEM(s) > .
minimum of OEM(s) in Sy N'S,, must correspond to a Squ;én|Wk |

maximum ofD.(s) in $.4NS,,, and vice versa. As a corollary
to Theorem 4, ifw(™ e &, then it(a;ttains the unique !
minimum of OEM(s) in S4 N S,,; if wi™ ¢ §,,, then any ) "
minimum of OEMy(s) in S4 N S, must occur along the ceoBs OEM(s) < OEM; (w™).

boundary5,,.

The ¢; measure OEM(s), however, is more relevant for Proof: The second part is trivial since the Wiener
equalization purposes because it bounds the maximum dist@sponsew™ is not necessarily optimal with respect to
tion. For each source constellation, there exists a thresh@E&M (s). B
~v such that, if OEM(s) < #, the intersymbol interference For the first part, ifs € S4 N S, thens, is positive and
is less than half the distance separating adjacent symbolsdofinant. Asw(™ is a reproducing kernel ove$, [cf. (1)],
the source constellation (in the absence of noise). All residwaé¢ may write
intersymbol interference may then be removed by passing the
equalizer output through a quantizer, which replaces the equal- sn = (W s) =3 [wi] s
izer output by its nearest neighbor in the source constellation. k

f wi® ¢ 8,, then
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sincew(" is real, we can rearrange the above expression asWe note first that the constraiti(z) # 0 for all |z| > 1
) - is a minimum-phase condition (see, e.g., [19] for connections
Sn(l — Wi ) = Z [Wk ] Sk to spectral factorization); this is equivalent to the existence
k##n of a stable and causal equalizer transfer function vector of

or, sincel — w” = |le, — w3 > 0 [cf. (3)] dimensionst x V (call it go(2)) for which

(n)7* Sk (n) Sk go(z)h(z) =1, forall .
1_W£ln):Z[Wk ]$—§<sup|wk |>ZS— - | |
hgtn " on ktn | T An arbitrary causal combined transfer functiof{z) =
OEM,(s) > k>0 Skz ¥ can then be attained using the causal (and
1

possibly infinite length) equalizeg(z) = S(z)go(z). This
in which the underbraced term is indeed OFN) whenever shows that all causal combined responseé;iare attainable

s € S,. Rearrangement of this final expression completes thg that?, = L
proof. O Conversely, ith(z) = 0 for some|zy| > 1, then each scalar

transfer function in the vectda(~) must contain a nonmini-

mum phase factofl —zoz~*). The combined transfer function

) ] o ~ S(z) = g(#) h(z) must also contain this nonminimum phase
We have derived an analytic characterization of stationaggro since a stable and causal equaliger) must be devoid

points for a family of blind equalization criteria in under-f poles in|z| > 1. If || > 1, thenS(z) is orthogonal to the

modeled cases in the single-source, noise-free setting. gple and causal functioff /(5 —=~1) = X jso(1/25) 2"

family includes at one extremeD,), which is the function a5 an exercise will verify. This shows théf, has a nontrivial

schemes, whereas the other extrdife,) was shown to have

%0

VIl. CONCLUDING REMARKS

maxima at Wiener responses. The superexponential algorithms [1,1/2, (1/%)2, e (1/23)’“, LF
are also incorporated, as we have shown that they seek maxima
of Dy, wherep is a user-chosen integer. so thatP4 # I. The caselz| = 1 may be handled by a

A key concern in any adaptive filtering scheme admittingmiting argument.
multiple convergent points is how many extrema the cost
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