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Past Input Reconstruction in
Fast Least-Squares Algorithms

Phillip A. Regalia, Senior Member, IEEE

Abstract—This paper solves the following problem: Given the
computed variables in a fast least-squares prediction algorithm,
determine all past input sequences that would have given rise
to the variables in question. This problem is motivated by the
backward consistency approach to numerical stability in this
algorithm class; the set of reachable variables in exact arithmetic
is known to furnish a stability domain. Our problem is equivalent
to a first- and second-order interpolation problem introduced by
Mullis and Roberts and studied by others. Our solution differs
in two respects. First, relations to classical interpolation theory
are brought out, which allows us to parametrize all solutions. By-
products of our formulation are correct necessary and sufficient
conditions for the problem to be solvable, in contrast to previous
works, whose claimed sufficient conditions are shown to fall
short. Second, our solution obtains any valid past input as the
impulse response of an appropriately constrained orthogonal
filter, whose rotation parameters derive in a direct manner
from the computed variables in a fast least-squares prediction
algorithm. Formulas showing explicitly the form of all valid past
inputs should facilitate the study of what past input perturbation
is necessary to account for accumulated arithmetic errors in this
algorithm class. This, in turn, is expected to have an impact in
studying accuracy aspects in fast least-squares algorithms.

AST recursive least-squares filtering algorithms have be
the subject of intense study in the past two decad
in view of their widespread applicability to many practic

INTRODUCTION

o ; ; ) e
filtering problems in modern signal processing. The vast bggy
of literature devoted to this subject has been concerned w.

the “direct” problem: Given an input sequence, devise
computational algorithm that updates the relevant paramet
of a fast least-squares prediction problem. This paper
devoted to the corresponding “inverse” problem: Given t

t
(0o
values of the parameters of some fast least-squares predicti
algorithm, deduce the set of all past input sequences that

For the standard least squares filtering problem, one is given
a sequence of input (row) vectons(n), each comprising
M +1 elements, plus a reference sequen@e). From these,
introduce the data matrix and reference vector as
u(n) y(n)

U(n)

y(n)

u(0) 4(0)

A least-squares algorithm determines weighign) =
[ho(n),...,har(n)]* such that the resulting error vector
e(n) = y(n) — U(n)h(n) minimizes the cost function

e'(n)A(n)e(n)

in which A(n) = diagl,A,...,A"] provides exponential
weighting to past data, with <« A < 1.

Recursive least-squares algorithms compute the solution at
time n + 1 in terms of the variables from time. In such
algorithms, one typically finds time recursions involving the
covariance matri(n) = Ut(n)A(n)U(n), or its inverse, or
its Cholesky factor, oits inverse, etc., leading to ordei/>
SHmpIexity at each time step.
®SFast recursive least-squares algorithms apply when the
ctorsu(n) derive from a tapped delay line; the resulting
n) inherits low displacement rank, e.g., [2], [5]. The matrix
n) (or its inverse, or Cholesky factor, etc.) may then be
garametrized with ordei/ elements by exploiting forward and

Hekward prediction; the time updates may then be reduced
5 order M computations. The prediction part of such fast
rithms takes the form of a time-recursive computation

§(n) = T[¢(n—1), un] (1)

would have given rise to the values in question whenever
such past inputs exist. This problem is intimately connecténl which

with backward consistency in least-squares algorithms, whi

plays an intriguing role in analyzing the error propagation

properties of such algorithms [1]—[3]. This introductory sectio

will review some basic concepts in order to motivate the study

at hand.
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chg(.)  state vector comprising the quantities that need to be
written for storage at each iteration;

input (scalar) sample to the prediction part of the

algorithm;

nonlinear map that implements the given fast least-
squares subroutine at each iteration.

Although some of these fast algorithms suffer unstable
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error propagation is enjoyed by any least-squares algorithm
that is “backward consistent.” In particular, l&; denote
the set of reachable states corresponding to the system (1);
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this is the set of all state vector positions ) that are u(n) = [up Un—1 -+ Up—pm]- If uy = 0 for n < 0, the
reachable in exact arithmetic as the past input«,_1, and matrix U(n) then assumes a “prewindowed” Hankel structure
Un—2,... IS varied over all possibilities. Provided the state
vector computed in finite precision—call§tn)—never exits [ Un  Up—1 o Up—m ]
S;, the algorithm is termed backward consistent and enjoys Up—1 Un—2 - Un—M-1
stable error propagation. Indeedf(fn) € &;, then any errors Upn—2 Un—3 " Un—M-2
in £(n) are indistinguishable from errors on the past input, : ) ) :
whose influence on the future evolution of system (1) will be Un)= |, o " . (2)
exponentially decaying whenevar< 1 and the future input {w _ ! 0
Un+1, Unt2, . - . IS PErsistently exciting. We refer the reader to : - Uo 0
[1]-[4] for more detail on this simple argument. Uy PR :
Deducing necessaryconditions for a given staté(:) to | o 0 0 |
be reachable in exact arithmetic involved exploiting known
consistency conditions of least-squares algorithms [1], [3}s exponentially weighted gramian iP(n) = Ut(n) x

Showing these conditions to be sufficient as well required(,,)U(»). Consider first = 1. Introduce the correlation lags
further work [4]. However, by definition ofS;, if a state

position £(n) is reachable, then it must be possible to place n—k
in evidence some past input,, %,—1,u%,—2,... that gives TE = ZuiuiJrk, k=0,1,...,.M (3)
rise to this state. This paper will develop an analytic solution =0
to the past input reconstruction problem, which consists of
describing all past inputs that push the state to a given positi®fid rename the most recent input samples as
whenever the position is indeed reachable. This provides a
major supplement to the study of reachable st&emiitiated Q1 =1Uny G2=Up—1, .. qM =Un—M+1- (4)
in [1].
This problem is equivalent to factoring the covarianc&hen, for anyn, we have the structured matrix
matrix P(n) into a data matri@J(n) that displays the correct
shift structure. Without this shift constraint, the factorizationP(n) = U*(n)U(n)

problem is elementary: A Cholesky factor will do, and any r o 2

. . . 0o T TM 0o --- 0 0
orthogonally transformed version of this Cholesky factor will ) . : )
also do. The Cholesky factor, though, will not in general I R T (5)
display the correct shift structure; therefore, such an approach S Ty 0o .-- .
would not seem advantageous here. Conventional reachability v e TL To 0 ¢ - qu

concepts from system theory are difficult to apply directly in

view of the nonlinear character of the ma@p, -|. An alternate as a direct exercise will verify. This consists of a symmetric
attempt, which consists of trying to invert the system (1) ioeplitz matrix minus the square of a triangular Hankel matrix.
order to run it backward in time, is complicated by the problem For ) < 1, let L = diag1, A\'/2, ..., AM/2]. BecausdU(n)

of how to invert a many-to-one nonlinear md-, -|. is a Hankel matrix, we can write
The solution developed here will instead show how all
such past inputs may be obtained as the (anticausal) impulse AY?(n)U(n) = U(n)L!

response of an appropriately constrained orthogonal filter,
whose rotation parameters derive in a fairly direct manngy which T(n) is a Hankel matrix akin to (2) but built from
from the state variable§(-) of a fast least-squares algorithmshe sequence
This ensures, in particular, a stable past input reconstruction
scheme.

The paper is organized as follows. Section Il reviews the

structure of the factorization problem at hand, to point OlAts such,LP(n)L = Tt(n)T(n) is the gramian of a Hankel

Its _relat|on t.o. [61-18], as well as the .s_hortcomlng of theFnatrix and may thus be written as a structured matrix like
claimed sufficient conditions for solvability of those works 5). FactoringP (n) when A < 1 may thus be reduced to an

Section Il shows how our factorization problem may b quivalent problem as though = 1 had been used, and the

solved by way of a related interpolation problem of the Sch Lst input had been exponentially weighted, as in (6), so that

type. Section IV shows how the key parameters in the p 3 may consider the case= 1 with no loss of generality.
input reconstruction problem derive from the state variables

of fast least squares algorithms, whereas Section V provides o
perspectives for future work. A. Common Parametrizations
The parameterdr;} and {gx} are not those commonly
encountered in recursive least-squares algorithms, and accord-
Fast least-squares algorithms apply when the input vectogly, we review their connections with more commonly used
derives from a scalar sequence passed through a delay [paeameters.

Up—i = )\i/Qun_i, 1=0,1,...,n. (6)

Il. PROBLEM STRUCTURE
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1) Fast Transversal Filters:The fast transversal equationgesiduals of degreé, and sin ¢, is a “doubly normalized”
(with their many variants) are well defined only whBxn) is backward prediction error of degrée meaning the angle nor-
positive definite and, hence, invertible. The invePse! (time malized error divided by the square root of the corresponding

index n suppressed) is known to have low displacement rafi@ckward prediction error energy. These, of course, correspond
according to [2] to the lattice or fast QR state variables to be updated in time,

although many variants exist (e.g., [3], [5], [9]-[11]).

P! 0 0 o
o0 ol " lo P! B. Shift Invariance
_[An . Crr |t 0 . Since the structure exposed in (5) holds for amythe
- { 0 }[AM O]+ 0 [CM 0]_ By [0 BM] number of rows of any Hankel factdd(n) obtained from
P(n) is indeterminate. To better appreciate this indeterminacy,
(7 : NI . .
we review the shift invariance of this problem. To this end,
suppose the values assumed by the paraméigrs'’ , and

in which {qx 1L, are reachable at time, i.e., there exists some input
, 1 —a; - —ay] sequencef{w; 7 , fulfilling (3) and (4). Then, these same
Ay = = values are reachable at time-1, using the sequendgi; } %
M defined by a simple shift operation
contains the forward prediction coefficiers;, }, the forward {8pa1, Uny- vy @1, %o} = {Un, Un_1,...,ug, 0}
prediction error energyvy Conversely, any values fofr,}2., and {g;}iL, that are
[=byr oo =Dy 1] reachable at time + 1 are also reachable at timg provided
Bl = N we push the starting time from= 0 back toi = —1. The set
M

of asymptotically reachablealues may be understood as those
reachable by fixing the starting time at= 0 and letting the
final time extend ton = +oc or, equivalently, by fixing the
final time ton = —1 and letting the starting time extend back
0 ¢ - eyl tq it = —oo. The latter convent.ion affqrds two advantages.
cyy=—"" First, the z-transform of any valid past input sequence takes
™ the form

contains the backward prediction coefficieds,} and the
backward prediction error energsy;, and

conversion factory,,. The fast transversal family of algo-
rithms are based on performing time updates not on the mat\r/'%1 . . .

1 . enever a past input exists, it must be square summable
P~1(n) but on the corresponding generator vectarg(n),

) . : . rovided ro < oo in (3)] so thatU(z) will be analytic in
By (n), andCys(n); the_se variables in turn yield the element 2| < 1. Second, the set of all reachable valdes} and{g.}
of the state vecto€(n) in such algorithms.

> X ) will yield precisely the set of all valid initial conditions at
2) Order Recursive AlgorithmsSupposeP(n) is truncated yime’,, — _1 for the fast least-squares algorithm to proceed

to its (k+1) x (k+1) principal submatrix; the resulting matrix*correctly from timen = 0 onwardt

once inverted and displaced akin to (7), yields generatorSetting thus the final time freely to = —1, the past input

vectorsAg(n), Bi(n), and Ci(n), each ofk + 1 elements. reconstruction problem becomes the following.

contains the Kalman gain vector coefficiens,} and the U(z) = iu—i 4 (9)
=1

For any orderk, introduce the generator functions Problem 1: Given the structured matrix
4 . e 0 --- 0 017°?
A =01 2z - ZMAun) oo M .
. - - : .0
Bi(z)=[1 = - ZBin) P(-1)=|" " - "
Cuz)=[1 2z - 2Cun). P " O
™Mttt TL To 0 @1 - qu
These polynomials are then related by the order recursion [5] (10)
L sindi find all anticausal functiong/(z) as in (9) that satisfy the
Apt1(2) cos cos bk interpolation constraints
Ck+1(2) = ind 1 .
Bk+1(z) cosqbllt, cos x - U—f = Gk k= 1727"'7M; (11)
1 Ar(2)
sin 6 U—iU—iop =T, k=0,1,..., M. (12)
X cos 0];, cpslgk Ck (Z) (8) ;
coslek EIOI; 0]; ZBk (Z)

1stated otherwise, the “biased solution” resulting from any such valid initial

. . . . . . . condition will yield the “exact solution” of an augmented problem that takes
in- which sin b 1S the correlation coefficient (or pa‘rcor)into account the past input that deposited the given initial condition at time

between the normalized forward and backward prediction erroe —1.
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This is precisely the problem introduced and studied bgadily seen to be
Mullis and Roberts [6]: Design a discrete-time linear system P(-1) — ZP(~1)2"
[U(z) in our context] with constraints on the leading terms of

its impulse response and autocorrelation sequences. See also o 1o TM 0
Inouye [7] and Kinget al. [8] for multivariable extensions. _ | 0 0 _ | [t
These works claim that a solution exists if and only if : S : :
the values of{r;} and {qgx} give rise to aP(—1), which lry 0 -+ 0O M
is nonnegative definite (i.e., having no negative eigenvalues). T /7o 0 0
Although not recognized in [6] and [8], a solution need not 71 /70 r1//To 0"
exist whenP(—1) is positive semi-definite and singular. As an = . [ - : (= . ([ @4
example, choose, = --- ¢y, = 0, and then choose the terms : : :
7, to yield a positive semi-definite (and singular) Toeplitz Lrae/\/To /7o M

matrix; nofs sequencgu_;} can then exist fulfilling (12). A where {-]" means “repeat the previous vector.”

less obvious example is obtained by choosipg- 1, 1 = %, Now, behind many a displacement structure lurks an inter-

ry = 2 andq; = —%, go = 1, leading to the structured matrixpolation problem [14], [15]; that corresponding to (14) may
be introduced as follows.
1 05 075 0 0 0 12 Let S(z) be a2 x 1 vector-valued Schur function, meaning
P-)=|05 1 05|-]0 0 -05|.(@3 that S(z) is analytic in|z| < 1 and contractive there, i.e.,
075 05 1 0 —05 0.5 IS(z)|| < 1 for all |z| < 1 (using the Euclidean norr - ||).
Let us set
This matrix is positive semi-definite of rank two, and the a(z) 2 o+ —p oo MM (15)
“Toeplitz part” built from rq, 1, andry is positive definite. V7o V7o
The results of [6] and [8] claim thdl/(z) exists and yields a {C(z)} = S(2)a(2) (16)
rational function of degree twie= rankP?(—1)]. Either method, bz)| T

though, leads to in which S(z) is to be designed as follows.

Problem 2: Given the values of the parametefs; }2.

Uz) = 1 -2+ and{qx }#Z,, find a Schur functior$(z) such that the resulting
21-0.52 — 0.522 b(z) and ¢(z) assume the forms
_ 1 —2(l-2 _ 05z o2) = 04 quz + @2 4+ g™ + OL(ZMFY) (17)
2(1+052)(1—z) 1+05z ? A L
b(2) =04+ —=z+---+ —’ZJW + Oq (M) (18)
We will further expose this example in Section I11-B and show V7o Vo

that although the first-order constraint (11) is satisfied, tiehereO(z**+1) denotes a function analytic iz| < 1, which

second-order constraint (12) is not, and that the difficulty stemanishesA/ + 1 times atz = 0.

from a pole-zero cancellation on the unit circle (at= 1 By a classic result [16], [18], a solution to this problem

in this example). Neither of these examples is excluded kxists if and only if a certain Pick matrix is nonnegative

the claimed data consistency contraints of [6] or [8], whicHefinite. The Pick matrix in question is known [16] to solve

reveals a shortcoming of the claimed sufficient conditions far Lyapunov—Stein equation relating to the interpolation data;

solvability. this equation is simply (14). Thus, Problem 2 admits a solution
The solution we shall develop is inspired from [12] an®(z) if and only if P(-1) > O.

[13]. In this light, Problem 1 is set in the Hardy spakig in Now, sinceb(z) and ¢(z) both vanish at: = 0, whereas

that we seek a functiol/(z) that is analytic in|z| < 1 with a(z) does not, we see that any solutiBiz) must vanish at

boundedL, norm on the unit circle (by way of, = ||U(2)||3). 2 = 0, which allows us to writeS(z) = [jgggj] Whenever a

The approaches of [12] or [13] allow one to convert this tgolution exists, then at least ofwsslesssolution exists (e.g.,

an H, problem in that the interpolation constraints involvg16]), where lossless refers to a Schur function that has unit

a function analytic in|z| < 1 and bounded by one there,norm along the unit circle = ¢/«

which bounds theL., norm on|z|] = 1 by way of the e e

maximum modulus principle. Tr|1e| analytic theory of such [SU()P +[S2(e™))P = 1, forall w. (19)

Hoo interpolation problems is quite mature [16], [17], and the The following proposition summarizes all solutions to Prob-

solution may then be transformed back to solve the originiaim 1.

H2 problem [12], [13]. The following section shows how this Proposition 3: Let S(z) be a lossless solution to Problem

strategy may be adapted to the present problem. 2. If the resultingzS2(z) obeys the constraint

1—25(2)#0, forall|z|=1 (20)

pen the function

I1l. A RELATED INTERPOLATION PROBLEM

Let Z be the shift matrix with ones on the subdiagonat
and zeros elsewhere. The mati—1) has low displacement U(z) = \/io z51(2)

o~ ~ (21)
rank, and its displacement residi®—1) — ZP(-1)Z" is 1 — 255(2)
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is a solution to Problem 1. Moreover, all solutions to Problei. Proof of Proposition 3

1 may be ge'neratgd in this way. i We shall assume in this section that the constraint (20) is
_ The case in whichl — 2 S»(z) = 0 for somez = ¢/ gaiisfied and provide a verification th&t(z) in (21) indeed
induces a type of singularity in the construct, which will bg,yes Problem 1. Beginning with a lossless solutgfn) =

examined in Section IlI-B. The constraint (20) did not entet:s, (=) to Problem 2. we construct the positive real function
into the formulations of [6]-[8], the absence of which explairizsz(z)] ’ P

the shortcoming of the claimed sufficient conditions in those ro 14+ 252(2)

R(z)= ——F—=
works. ()=5712 252(2)
The proof of this proposition requires familiarity with pos- Ro )
itive real functions, for which a review of certain properties, =9 +R1z+Roz" 4+ |2 <1 (22)

igﬁged gggngggg[.znz]’ miyaﬁ:jovi. t?f:]p;il tLOe S%mirf:ggééy constraint (20)R(z) has no unit-circle poles; the spectrum
(2) ytic inlz| < wh pow ! corresponding toR(z) is absolutely continuous and thus
oo factorable.

R 4
R(z) = 70 + > R, |2l <1 Let us first show that
=t Ri=m k=01,... M 23)

This function is positive real, provided its real part is positive . . L :
b b P P e., that this positive real function interpolates the given

at all points inside the unit circle. . . X
P . .. ._correlation data. To this end, we observe that by construction
* By using the Cayley transform, any positive real functiof); Sa(z) in Problem 2, we havé(z) = z S2(z)a(z). Consider

can be expressed as
a(z) +b(z) = [1+ 252(2)]|a(z
R(z) = &LSQ(Z) aE7; — bgi*; = {1 - 7SQE7;}CLE7; (24)
i 2 1—255(2) i i RIS
Upon eliminating a(z) from the right-hand side of either
where S»(z) is a Schur function (sometimes called @quation, we obtain

scattering function [21]).

 If S3(z) is a rational allpass function, theR(z) will be T—O(a(z) +b(z)) = T—OHZ—SQ(Z)(a(z) —b(2)) (25)
called areactance functionSuch a function has all poles \2 1- ZSQ(Z),
and zeros interlaced on the unit circle [22]. R(z)

* The spectrum associated with a positive real function g, qre
twice the real part ofR(z) along the unit circle and is

defined from the radial limit a(z) = b(2) = \/ro + 0z + - - + 02 — Ox(zM 1)
ro =il
R(e) + R(e%) £ I (R(pe™™) + R(pe™)) 2 0. W& HHI =0 (5 +me+
p—)

T+ oM+ 02(2M+1))'
If R(z) is a reactance function, then this limit vanishes _ _ _ _ _
for almost allw, except whenw is an angular location of We may write (25) in the time domain as a convolution, whose

a pole of R(z); for that case, the limit tends tgoc. The first M+1 terms become

spectrum of a reactance function thus consists of Dirac /2 3Ro O 0 0 N
. . . 1 0
delta functions on the unit circle located at the poles of 7,1 Ri 3Ro O 0 0
R(z). Such a spectrum is not factorable. T 1 - :
. : . g =R, R1 iR . 0
* In caseS,(z) is not an allpass function but the condltlon% : _2 oo :
1 — ef“r Sy(ef“v) = 0 is nonetheless produced a finite : : e e 0 0
number of times &, say), then the positive real function ™ Ry -+ Ra Ri 3Ro
R(z) may be split as This gives (23).

In the same way, we may insert (24) into (16) and, recalling

R(z) = Rs(2) + Ra(2) the form of U(z) from (21), write

where R;(z) is a reactance function containing tié rocl2) = Jr 251(z) alz) — b(x
unit-circle poles ofR(z), and R,(z) is a positive real Vroe(z) \/_01 - zSQ(z)( (2) = b(2))
function free from poles on the unit circle [21], [22]. The Ul=)
reactance functiofR ;(z) will b_e called thesingular pgrt In the time domain, the firsb/+1 terms become
andR,(z) the absolutely continuous padf the positive 0 0 0 0 0 ;
real functionR(z).2 If R,(z) vanishes, the spectrum is o 0 0 V7o
absolutely continuous, positive-valued for almost all i U1 0 0 0
and factorable. Vo q'2 = UI—Q U—1 : ()
X . i _ : : . . . : :
More properly, the spectra correspondingRe(z) andR.(z) constitute an Ueng o u—s u_g O 0

the singular and absolutely continuous parts of the spectrum corresponding to .
R(2). This givesu_j = ¢ for k = 1,2,..., M.
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The verification will be complete on showing théi(z) is | : ] B
a spectral factor associated wif(z), i.e., U(z"1)U(z) = v | Sl(Zi\)‘ 5 S
R(z71) +R(z), since this will imply that the correlation lags ) Jr ! 5,/ © L)
0 |-

from U(z) will be Ry, (= for k = 0,1,..., M). Indeed,

. . input load <> S(z)
by a direct calculation, we have P

Fig. 1. Realization ofS(z)solving Problem 2 and realization d¥(z)

R(z_l) + ’R(z) solving Problem 1. Curved arrows indicate partial transfer functi®ns:)
ol +2718,(2 1) 7ol + 255(2) and Sz(z).
21 =218 (27l 21— 25:(2)
1= Sa(271) S2(2) so thatR(z) — R(z) = R,(z) reduces to the singular part
=To [1— 27 18(z~D)][1 — 252(2)] of R(z), corresponding to the positive semi-definite Toeplitz
=70 Sl(z_l)sl(z) _ U(7_1)U(7) matrix
[1 - 2_152(2_1)][1 - ZS?(Z)] ToO T1 T2 o 71 T2 9 1 1 1
in which the second-to-last line is obtained from the previous |"t "0 71} =71 7o 71} =3 1 1 1
o T1 To

one thanks to (19). 2 "1 To

Note thatU(z) is the correct spectral factor of the absolutely
continuous part ofR(z~!) + R(z) but fails to factor the

Suppose now that condition (20) is violated, i.e., there exis§fhgular part because the singular part is not factorable. This
somez = ¢/** such thatl — ¢“°Sy(¢’“? ) = 0. The function example illustrates the necessity of condition (20).

R(z) from (22) then has a pole on the unit circlezat e/«o.
We have, in particular, thatSo(e’0)| = 1, which implies
S1(ef*0) = 0 by way of (19). IV. CONSTRUCTING S(z)

The formula forU(z) from (21) then reveals a pole-zero |n this section, we first present a standard procedure for
cancellation on the unit circle at = ¢/“*. Repeating the constructing and parametrizing all solutioi§z) to Problem
above analysis will then show th@&(z) still interpolates the 2. \We then show how the solution may be expressed directly in
correlation dataro, ...,y and thatlU(z) still generates the terms of the state variables of a fast least-squares algorithms, in
termsqi, ..., qun. However, the equalityR(z71) + R(z) = particular, the order-recursive parameters reviewed in Section
U(2~1)U(z) can no longer hold sinc&(z) contains a unit- ||-A2.
circle pole, wheread/(z) does not.

To illustrate, consider the lossless function of degree two,

B. On the Supplementary Condition

Classic Solution to Problem 2

S(z) = [251(2)} _ {Z(z - 1)/2} A basic result of interpolation theory [16]-[19] is that the
252(%) #(z+1)/2 constraints placed on a Schur functiffz) solving Problem

2 can be captured using lossless multipair extraction. Fig. 1

illustrates the overall realization to be developed. To the right

of the vertical dashed line, a lossless (anticausal) sy&tém

We observe thatS;(z)|.=1 = 1 so that condition (20) is
violated. Choosing, = 1, the positive real functiorR(z)

becomes will be constructed such that upon closing the right-hand port
R(z) = 1 1+25(2) _11+2 411052 with a Schur functionS(z), the resulting transfer vector
21—-25(2) 31—z 614052 S(z) solves Problem 2. AS.(z) is varied over all2 x 1
m W Schur functions, the resultin§(z) will vary over all Schur
1 1 3, functions solving Problem 2. Once such a Schur func86s)
=3 + 57 + 17 +- |zl <1 is constructed, a realization 0f(z) per (21) is readily obtained

by closing one port to the left of the dashed line in Fig. 1 and
in which the singular and absolutely continuous parts a&galing the remaining output by/r.

distinguished. From the series expansiorigk), we identify e review now how to construcE(z); for the benefit of

1 = 3,12 =}, and so on. Similarly the nonexpert, a brief verification that the construct works
is included. More detail on this and related interpolation

4 4 1 2(z—1 —0.5z .
U(z):\/%17sg(7) =37 7;)(7; 1) =7 Ooi problems may be found in [16] and [17].
—282(z)  2(1+0.52)(1-2) 1+0.5z We begin with the data array
whose series expansion yields = u_; = —% and ¢» =
u_y = . The matrixP(—1) built from these in (13) is then Vi /o r2fro e T/
G=|0 T @ qM (26)

positive semi-definite of rank P= deg S(z)]. If we let R(z)
be the anticausal part &f(2)U(>~!), some calculations will
show that

0  ri/\/ro r2//ro - TMm/\/To

whose three rows contain the leading terms of the series
R(z) = 11-052 ) expansions ofi(z), ¢(z), andb(z) from (15), (18), and (17),
61+ 0.5z respectively.
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1) Shift the first row of the array (26) one position to thea(z) ] 3@
right: (z) . l G| c3(2)
b(@) b3(2)

V7o 7’1/\/’_ o Ta—1//To T

0
@65 (0 g e an | B
0 r1/\/ro 72/\/_ e TM/y/To ‘4’ = EHSS?Q

2) Choose a hyperbolic rotation to annihilate the second T

element of the first nonzero column. In the first pass,
this appears as Fig. 2. lllustrating the Schur recursion as shift and rotate operations on
coefficients of functions.

1/ cosBo sinfg/cosfy 0
sin fg / cos by 1/ cosfg 0

0 0 1
0 o 7’1/\/’_ o Ta—1/+/To
x |0 T am

0 71/\/To 72/\/_ e ra/y/To

0 Y1 X X s - e
- 0 0 X e X

0 7’1/\/ To 7’2/\/7‘0 s T //To cos g
. . . Fig. 3. Redrawing of Fig. 2, yielding lossless transfer makix ).
in whichy; = /70 — ¢%, andsin 6y = —q1//7o. 9 g g. 2, yielding i)

3) Choose a hyperbolic rotation to annihilate the third ] . ) .
element of the first nonzero column. In the first pasgp(z) have M+1 leading zeros by virtue of their leading

this appears as terms being annihilated.
Consider now reversing the flow direction of the lower two
1/ cos ¢g 0 sin¢o/ cos ¢o branches of Fig. 2, giving Fig. 3, and designate the transfer
0 1 0 matrix by %(z)
sin o/ cos¢pg 0 1/ cos ¢o ant(2) 2a(2)
0 n x o x c(z) | =%(2) |bp(2)
X 8 0 X X b(z) en(2)
ri/VTo el T/ Vo Each hyperbolic rotation of Fig. 2 is converted to a plane
O g2 X wee X rotation in Fig. 3, but the relations between the intermediate
- 8 8 i o i (27) signals in the two figures are the same. As such, suppose

is any anticausal function whosd leading terms agree with
. . _ ] i those of (15), and lety;(z) andby, (=) be any two anticausal
|/nywh|ch y2 = Vi —ri/ro andsingo = —(r1/\/ro) functions whoseM+1 leading terms vanish. The resulting
1 . . .
outputSc( ) and b(z) must then have leading terms in their
4) JI\?/[epllatc;tehSe tgrreall);n(ig)tgvglrll t(ﬁ(:)elzrrlr?err\etgecry?tti;hseeigﬁ pansions agree with those of (18) and (17), respectively, and
and thilrd OWS imi imilarly, the resulting output;(2) hasM leading zeros in
) e ) ) its series expansion.
_ This procedure is a Schur algorithm and contindésfull Now, sinceX(z) is the interconnection of plane rotations
iterations with and advance operations, both of which presebsenorms,
¥(z) is losslessEt(271)E(z) = I for all z. Now close the
right-hand port of¥(z) according to

if and only if P(—1) from (10) is positive definite (e.g., [23]). en(2)
If P(—1) is positive semi-definite of rankn < M+1, the bu(z) |~ = Sp(z)zam(z).
procedure terminates after stages and yields

|sinfy] <1 and [sing| <1, forallk

By a basic result of network synthesis of scattering functions
|sinfp,_1| =1 or |singp_i|=1. (e.g., [16], [18], [19], [21]), the resulting functio®(z) in
Fig. 1 will be a Schur (resp. lossless) function if and only if
Now, let a(z), ¢(z), andb(z) be three anticausal functionsSy(z) is a Schur (resp. lossless) function. Observe finally that
whose leading terms agree with those of (15), (18), and (1Problem 2 constrains only the firdf +1 terms of the anti-
respectively. The shift-and-rotate operations on the leadingusal impulse response 8{z); these terms are insensitive
coefficients of these functions appears in Fig. 2 for the casethe choice o8 (z) on observing the advance operators “
M = 3. (For largerM, simply cascade further sections). Atn the upper branch of Figs. 1 and 3.
the right end of the figure, the resulting functien,;(z) has This verifies that Fig. 1 provides a family of solutions
M leading zeros in its series expansion, whereg$z) and S(z) to Problem 2. That all such solutions may be so
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generated—using the sanié(z) matrix—can likewise be input reconstruction should allow one to study how much a
shown; the interested reader may find complete treatmeptsst input is disturbed on absorbing numerical perturbations

in [16], [17]. into the state variables of a given fast least-squares algorithm.
A meaningful basis for judging accuracy is to compare the
B. Relation to Fast Least-Squares Parameters relative magnitudes of past input perturbations among different

algorithms and favoring that for which the past input pertur-

As the parameter$r;, } and {¢; } are not those commonl o ; . o
P A {ax ) Y %\tlon is smallest. Further study is required in this direction.

encountered in fast least-squares algorithms, it is useful
express the rotation angles of Fig. 3 in terms of the state
variables reviewed in Section II-A.

Identity 4: The rotation angle$6;} and{¢;} of the order
recursion (8) are precisely the angles determined from theWe use results showing how Schur reduction applied to
above Schur algorithm usinfy;} and {g;}. the generator vectors of a structured matrix can be used to

The basic idea of this identity is to note that the Schu@onstruct generator vectors corresponding to the inverse of
algorithm of Section IV-A operates on the generate vectors bfe matrix [25].

APPENDIX A
IDENTITY 4

P, whereas (8) operates on the generator vecto{%’jﬁ ol Consider the initial generator functions
The details are presented in Appendix A. ao(z) = /ro + 7’_17+ - ™ M
These rotation angles make an explicit appearance in, e.g., o(2) = Vo \/ﬁ \/E
the fast QR algorithm studied in [BJand can readily be bo(2) =0+ 2z 4ot M M (28)
inferred from other minimal lattice and fast QR algorithms \/_ \/%
(e.g., [5], [9], [10]). Fast transversal filters, by contrast, do co(z) =04+ qz+ -+ quz™

not always allow reconstruction of the past input, as backwar
consistency is readily violated in such algorithms; this i issue §
examined in some detail in [1] and [2].

gtamed from the generator vectors Bfin (14). The Schur
procedure of Section IV then appears as

Having now the rotation angles that buik)z), we must ar+1(2) @ %ﬁ’; 0
specify a lossless loa8,(z) in Fig. 1 for which the constraint bry1(2) | = jg;ﬁk ﬁ 0
(20) onzS3(z) is satisfied. Appendix B shows that whenever cp+1(%) 0 0 1
P(-1) is positive definite, such a lossless load may be found 10 0 % zag(2)
and outlines a procedure for determining a simple choice of the < 10" 1 “o" bo(2) (29)
form Sy, = [22¢]. WhenP(—1) is positive semi-definite (and % 0 o3| Len(®)

singular), by constrast, the solution set to Problem 2 reduces
to a sole lossles8$(z) for which (20) may or may not be where the angle8; and ¢, are chosen to annihilate thgh
satisfied, depending on the valugs,} and{q:}. The values term in the series expansions@f(z) andby(z), respectively.

for {r;} and {gx} for which Problem 1 may be solved thus Now, a set of generator functions is said to be “admissible
defines an open set. [23] if there exist constantg;, j2, andps such thag; ag(z) —

pabo(z) — psco(z) = 1. The set in (28) is admissible, using
p1 = po2 = 1/+/70, p3 = 0. By an interesting result [25], [15,
Sec. 5], if we initialize

Our main result is to show how to reconstruct the set of Folz) = Fo(z) = Golz) =
valid past inputs to a fast least-squares filtering algorithm W)= 1, Fol#) = H2,  H0\2) = i3
given the internal variables at a given time instant. Althougdind then apply the order recursion from (29), viz

V. CONCLUDING REMARKS

algebraically equivalent to the system theory problems tackled Epi1(2) ;qb sin_ik 0

in [6]—-[8], our formulation reveals a supplementary condition, Fiai(z) | = ‘;'iﬁ_qg,’j i 0

as in [12] and [13], required to reach correct necessary and Grai(2) COS()¢k COS()¢k 1

sufficient conditions for solvability. Our construct is also order L sin6)

recursive, in contrast to the solutions of [6]-[8], where this g 0 sy | [#EM(2)
property has resulted from connections made with recursive X 0 1 0 Fi(z) (30)

. . ) . sinby L Gr(z)
solutions to interpolation problems or, equivalently, the well- cos Oy, cos B, ke

known order recursive nature of lattice and fast QR algorithmgen E,,( ), Fas(2), andGy (2) will yield generator functions
Our results are expected to have implications in studyirigom the displacement structure of the inveiBe!. Observe
accuracy aspects in fast least-squares algorithms. The abititywv that if we rename the functions as
to reconstruct a valid past input (when applicable) fits into
the “strong stability” crl)assificgtiorg of Bur?(‘:)h [24],) in the L) =Di(2), Filz) = Ax(2),  Giu(z) = Cilz)
sense that the given covariance mafixassociated with the then (30) concides with (8). However, by constructidip =),
perturbed parameters may still be factored into a data matf(z), and Cy(z) are already generator functions obtained
displaying the correct shift structure. Our formulas for pastom displacing the invers@®~! in (7). It follows that the
3The anglesd,. in Fig. 3 are precisely those of [3], but the angtgs are rotation angles{ek} and{d)k} occu.rlng in the order recursion
denoted bypz.1 1 in [3]. The index ong is decremented in this paper so that(8) are the same as those determined from the Schur procedure
rotations within a common section of Fig. 3 take the same index. of (29), thereby giving Identity 4.
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E(z) E(2) H Efr) >z }— jfupp?fe now that for-soma = .eﬂ«:, we o_btai_n
Go(2) B9 {— Gy(2) 0| — Gy «—y € Sa2(e?%) = 1, thereby violating (20); this then implies
- S

Fy(z) (@) P —<F22 S (e?*) = 0 by way of (19). We may then trace back, using
cosd cose (34) and (33), what constraint must result @n
"]: ﬁ Now, for this value ofw, we must have in (31)
@ = —-sing sin ¢ . . .

Go(e?) | [ed*S1(e?*) joy _ |0 e

-« o [Fg(@j‘“) = | eiwSy(ed*) Eo(e’Y) = 1 Ep(e*)

Fig. 4. Realization ofS(z)upon choosing a simple lossleSg, (=). or
Eo(CJ“’) 1 )
APPENDIX B Go(e™) | = |0 | Eo(e”™). (35)
CHOOSING Sy(z) Fo(e?) 1

We show here that whel(—1) is positive definite, one Insert this now into the recursion (34), and observe that
can always choose a lossleSg(z) in Fig. 3 such that the the complex amplitudety(e/') simply contributes a scalar

resulting z5(z) obeys the condition (20). multiple to this system; without loss of generality, we suppose
Consider the simplest lossless choice $97(z), viz Eo(e’*) = 1. The recursion (34) then appears as
sin o En(z) 1
SL(Z) = COS v G]\{(Z) = (1)1\4_1(2) cee (1)0(2) 0
Fy(2) 1

wherea may be chosen freely. The realization of Fig. 3 would i

then appear, foi = 2, as in Fig. 4 (with straightforward Where the three polynomialB(z), Gas(z), and Fiy(z) do
extension to larged/). Let Eq(z) be thez-transform of any NOL by this formula, depend oa. - _ _
(anticausal) input sequence, andd&j(z) and Fy(z) be thez In order for the boundary condmon_ (33) involvingto be
transforms of the two output sequences obtained for a givBIgt: We must now have, for our particular valueuof

choice of . We then have Gu(e™) _ oo Fule) (36)
|:G0(Z):| _ |:ZSI(Z):|E0(Z). (31) e]ijw(er) ? GJ“"E]\I(GJLU)
Fo(2) 252(2) Observe that althoughkin «« and cos « are both real valued,

the left-hand sides will, in general, be complex valued. This
implies that (35) can hold only for those for which the
imaginary parts of the left-hand sides of (36) both vanish.

Let [Ex(2), Gi(z), Fi(z)] be thez transforms of the interme-
diate signals appearing in Fig. 4; these are related as

Epy1(2) costh sinfp O Accordingly, let{w;} denote this set. (Since the polynomials
Gi(z) | = |—sinby cosbp 0 all have real coefficients, this set will always incluge= 0
Fy(2) 0 0 1 andw = 7 and possibly other values af as well.) The set

[ cos¢r 0 singy zEx(z {wr} is comprised of distinct values since if the imaginary
X 0 1 0 Gry1(2) parts of the left-hand sides of (36) were to vanish for some
—singg, 0 cosdy | | Frg1(2) continuum of points on the unit circlez| = 1, analyticity
k=0,1,...,M—1 (32) conditions would be violated. Collect now the ordered pairs
_ N of real values
with the boundary condition Gar(e?) Fyp(eior)
2 JWk Jwr)’ i@k Jwr) |’
] =i e e el e

If we choosex such thafsin «, cos «] agrees with one of these
We assume first thaP(—1) is positive definite such that ordered pairs, then (35) is verified for the, in question,

the rotation anglegé,} and {¢} from the Schur algorithm and we force the condition’“* Sy(c’**) = 1. Conversely,

of Section IV fulfill | sin 6| < 1 and|sin ¢5| < 1. The relation choosing([sin o, cosa] to agree with none of these ordered

(32) can then be rearranged as pairs must then contradict (35), giving® So(c’*) # 1 for
Ersi(2) all w, which is the relation so sought. This proves that when
GkH(;) P(-1) is positive definite, we may always find a lossless
Fk+1 5 Sr(z), which leads to satisfaction of (20).

k1(2) . L e WhenP(-1) is positive semi-definite of rank: < M+1,
Coslqsk 0 Eiiﬁ cos O céseﬁ 011z we obtainsin 6,,_; = =£1 or sin¢,,_; = £1. The relation
= Sin_OqSk (1) (1) % Coégk (1) 1 : (34) remains valid fok < m — 1, whereas (33) is replaced by
Lcos cos ¢k - Gm-1(z)| _ |—sinb,_1 E
P (2) [Fm_l(z)} o [:F cos 9,,1_1}2 m-1(%)
Ejy(z) such thatd,,_, plays the role of« in the above analysis. In
X |Gr(2) | (34)  contrast too, however,f,,_; is fixed, and the condition (20)

Fr(z) may or may not be satisfied.
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