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Abstract: A turbo equalizer is modified to allow its operation in a blind manner, i.e.,
without resorting to training sequences or to channel identification steps. It exploits
a recent variant of the constant modulus algorithm, in collaboration with differential
encoding, for which the decoder is linked in an iterative scheme with a conventional
error correction coder. A characterization of stationary points is obtained, and conditions
for proximity to a maximum likelihood decoding rule are identified.

1. INTRODUCTION

Iterative techniques in reception have met with in-
tense interest since the advent of the turbo-decoding
algorithm for parallel concatenated codes. More re-
cently, turbo equalization, in which the channel and
source coder are interpreted as a serial concatenated
coder, have successfully integrated linear equaliza-
tion and maximum likelihood decoding into iterative
algorithms which drop intersymbol interference and
channel noise below previously attainable levels.

The technique was first proposed in (Douillardet
al., 1995), and is directly related to the iterative
decoding of serially concatenated codes (Benedetto
and Montorsi, 1996). The “inner” decoder was im-
plemented using a soft-output Viterbi algorithm, for
which the computational complexity grows exponen-
tially with the channel length, restricting its prac-
tical application to short channels. A modification
proposed in (Laotet al., 2001) and subsequently
refined in (T̈uchleret al., 2002), consists in replacing
the Viterbi channel decoder with a linear decision
feedback equalizer, whose decision feedback path
is driven by the outer decoder’s output. This drops
the complexity to a function which is linear (or
sometimes quadratic) in the channel length, while

offering bit-error performance close to the original
design from (Douillardet al., 1995).

If the channel is properly identified, then the de-
sign equations for the decision feedback equalizer
which maximize the signal-to-noise ratio subject to
perfect interference cancellation may be obtained
with explicit formulas (Laotet al., 2001). As ex-
pected, performance may degrade significantly when
the channel is not properly identified, requiring more
complicated configurations using training sequences
in combination with equalizer adaptation strategies
[e.g., (T̈uchler et al., 2002)]. The use of training
sequences, of course, consumes available bandwidth,
while blind channel identification schemes can often
be ill-conditioned (Delmaset al., 2000), or simply
inapplicable when sufficient diversity is lacking.

The technique proposed here uses a completely
blind solution, employing the finite-interval variant
of the constant modulus algorithm developed in
(Regalia, 2002). Since the constant modulus criterion
is phase blind, its successful application requires
differential encoding/decoding for correct symbol
recovery. The technique developed here treats the
differential encoder as the inner coder of a serial
concatenated code, with the outer coder fournished
by a conventional trellis code for error correction
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Fig. 1. Using the finite-interval constant modulus
algorithm and iterative decoding with the inclu-
sion of the differential coder/decoder pair.

purposes. The decoder stage applied to the output
of the constant modulus algorithm implements iter-
ative decoding applied to the serially concatenated
pair. Simulations indicate, similar to other iterative
decoding techniques, a threshold effect: provided the
constant modulus algorithm approximately equalizes
the channel, the information exchange between the
two decoders iteratively reduces the remaining errors.
Although the bit error rate versus signal to noise
ratio is perhaps not as impressive as earlier designs
exploiting channel knowledge, the proposed scheme
works effectively without any channel knowledge.

The next section describes the algorithm, its sta-
tionary points, and relations to maximum likelihood
decoding.

2. ALGORITHM DESCRIPTION

Figure 1 shows an overview of the proposed scheme,
where {ai} K

i =1 are the information bits, which are fed
to an error correction coder (typically a trellis coder)
to create the coded bits {cj } N

j =1 (each being either 0
or 1). We assume that this first coder is systematic,
so thatcj = aj for j = 1, . . . , K. The bits {cj } are
coded in turn using a differential encoder, to produce
the output bitsdj :

dj = dj−1 ⊕ cπ( j ) , j = 1,2, . . . ,N,

in which {π(1),π(2), . . . ,π(N)} is a permutation of
{1 ,2, . . . ,N}, and “⊕” denotes modulo-2 addition; the
seed valued0 ∈ {0 ,1} is chosen arbitrarily. The sym-
bols are converted to antipodal signaling {−1,+1}
and transmitted over a channel with nontrivial delay
spread:

xj = (2dj −1)

uj =
∑

k

hk xj−k +bj

where {hk} denotes the channel impulse response, of
unknown length, andbj is additive noise, assumed
white and Gaussian.

The constant modulus algorithm attempts to restore
the channel input sequence by adjusting the coef-
ficients of an equalizer; a variant suitable to block
processing is given in (Regalia, 2002), and yields an
output block {d̂j } which satisfies

d̂j ≈±(2dj −1)

in which the “±” sign reflects the phase ambiguity
which is inherent to the constant modulus algorithm
(hence, the need for differential encoding), and the
approximation sign reflects how a linear equalizer
can at best reduce noise and intersymbol interference,
but never eliminate them.

The differential decoder calculates the a posteriori
probability ratios

Pr(ci = 1|d̂1, . . . ,d̂N)

Pr(ci = 0|d̂1, . . . ,d̂N)
=

∑
c:ci=1

Pr(c|d̂)∑
c:ci=0

Pr(c|d̂)
i = 1, . . . ,N,

=

∑
c:ci=1

p(d̂|c) Pr(c)∑
c:ci=0

p(d̂|c) Pr(c)
(1)

in which the a priori probability function Pr(c) is
assumed to factor into the product of its marginals:

Pr(c) = Pr(c1) Pr(c2) · · ·Pr(cN).

This assumption is, strictly speaking, invalid, since
the bits {cj } are interdependent, but the differential
decoder cannot exploit these interdependencies with-
out a significant increase in complexity, and so uses
the marginals Pr(ci) instead.

By virtue of the factorization of Pr(c), each term of
the numerator (resp., denominator) of (1) contains
a factor Pr(ci = 1) [resp., Pr(ci = 0)], such that the
probability ratio becomes

Pr(ci = 1|d̂)

Pr(ci = 0|d̂)
=

Pr(ci = 1)
Pr(ci = 0)︸ ︷︷ ︸

Ui(1)
Ui(0)

∑
c:ci=1

p(d̂|c)
∏
j 6=i

Pr(cj )∑
c:ci=0

p(d̂|c)
∏
j 6=i

Pr(cj )︸ ︷︷ ︸
∆=

Ti(1)
Ti(0)

(2)

The a priori ratioUi(1)/Ui(0) is initially set to 1,
but will be “baised” in subsequent iterations by the
extrinsic information to be fed back from the outer
decoder below.

The likelihood function p(d̂|c) is evaluated under
the assumption that the constant modulus equalizer
has restored the channel input to within additive
Gaussian noise (which is, strictly speaking, incorrect
here), giving

p(d̂|c)∼ exp

(
−

N∑
j =1

[d̂j − (2dj (c)−1)]2

2σ
2

)



in which dj (c) denotes thej th bit of the differential
encoder output when the input block isc, andσ

2 is
the noise variance. The forward-backward algorithm
(Bahl et al., 1974) may be used for the calculations
summarized in (2) fori = 1, 2, . . . ,N.

The error correction decoder would nominally aim to
calculate the a posteriori probability ratios

Pr(ai = 1|ĉ1, . . . ,ĉN)
Pr(ai = 0|ĉ1, . . . ,ĉN)

=

∑
a:ai=1

Pr(a|ĉ)∑
a:ai=0

Pr(a|ĉ)

=

∑
a:ai=1

p(ĉ|a) Pr(a)∑
a:ai=0

p(ĉ|a) Pr(a)
i = 1, . . . ,K,

in which Pr(a) is taken as a uniform distribution over
the 2K possibilities for a, and so my be omitted.
As written, this presupposes a noisy version of the
outer encoder’s output aŝc = (2c− 1) + noise, but
this quantity is not immediately available. If it were,
then each evaluation of the likelihood functionp(ĉ|a)
would appear as

p(ĉ|a)∼ exp

(
−

N∑
j =1

[ĉj − (2cj (a)−1)]2

2σ
2

)
in which cj (a) is either 0 or 1. Therefore, to each
hypothetical bit ˆcj we associate two evaluations:
exp[−(ĉj ∓1)/(2σ

2)], (corresponding tocj (a) = 0 or
1), which are replaced by the two evaluations of the
function Tj calculated in (2) above:

exp(−(ĉj −1)2/(2σ
2))

exp(−(ĉj +1)2/(2σ
2))
←

Tj (1)
Tj (0)

, j = 1, . . . ,N.

Here “←” denotes the “usurpation” operator. The
forward-backward algorithm may then proceed di-
rectly, following this systematic substitution.

To develop an external description of the resulting
decoding operation, we note that this substitution is
tantamount to replacing the likelihood evaluation by

p(ĉ|a)←
N∏

i =1

Ti(ci(a)) (3)

in which the right-hand side emphasizes that only
those bit combinations (c1, . . . ,cN) which lie in the
outer coderbook make sense. To this end, letφ(c)
denote the indicator function for the outer code:

φ(c) =
{

1, if c is an outer codeword;
0, if not.

The 2N configurations of (c1, . . . , cN) generate 2N

evaluations of
∏N

i =1 Ti(ci), but only 2K of these
survive in the productφ(c)

∏
i Ti(ci). We may then

establish a one-to-one correspondence between the
2K “surviving” evaluations inφ(c)

∏
i Ti(ci) and the

2K “usurped” evaluations ofp(ĉ|a) in which the
hypothesisa varies among 2K possibilities generated
from K bits (a1, . . . ,aK), as in (3). The outer decoder
then admits an external description as∑

a:ai=1

p(ĉ|a)∑
a:ai=0

p(ĉ|a)
←

∑
c:ci=1

φ(c)
∏

j

Tj (cj )∑
c:ci=0

φ(c)
∏

j

Tj (cj )

=
Ti(1)
Ti(0)

∑
c:ci=1

φ(c)
∏
j 6=i

Tj (cj )∑
c:ci=0

φ(c)
∏
j 6=i

Tj (cj )︸ ︷︷ ︸
→ Ui(1)

Ui(0)

(4)

in which we note that:

• Since the outer coder is systematic, the firstk
bits c1, . . . , cK coincide with the information
bits a1, . . .aK . In addition, the formula above
may be evaluated as written for the parity-check
bits cK+1, . . . , cN.
• Each term in the numerator (resp., denominator)

contains a factorTi(1) [resp., Ti(0)], so that
the ratio Ti(1)/Ti(0) naturally factors out. The
remaining term (the “extrinsic” information)
will usurp the (pseudo-)a priori probabilities
of the inner decoder for the next iteration:

Pr(ci = 1)
Pr(ci = 0)

← Ui(1)
Ui(0)

If we let a superscript (n) denote an iteration index,
then the coupling of the two decoders admits an
external description of the form∑

c:ci=1

p(d̂|c)
∏

j

U (n)
i (ci)∑

c:ci=0

p(d̂|c)
∏

j

U (n)
i (ci)

=
U (n)

i (1)

U (n)
i (0)

T (n)
i (1)

T (n)
i (0)

(5)

∑
c:ci=1

φ(c)
∏

j

T (n)
i (ci)∑

c:ci=0

φ(c)
∏

j

T (n)
i (ci)

=
T (n)

i (1)

T (n)
i (0)

U (n+1)
i (1)

U (n+1)
i (0)

(6)

in which these “pseudo”-posterior probabilities are
calculated for i = 1, . . . , N, at each iteration. A
stationary point corresponds toU (n+1)

i (ci) = U (n)
i (ci)

which, by inspection, gives

Property 1. A stationary point occurs if and only if
the two decoders reach consensus on the pseudo-
posterior probabilities [(5), (6)] fori = 1, 2, . . . ,N.

It may not be clear whether the substitution illus-
trated in (4) above gives an optimal coupling between
the two decoders in any sense. To gain greater insight
into this question, suppose the likelihood function
p(d̂|c) is scaled so that its outcomes sum to one:



∑
c

p(d̂|c) = 1.

Introduce theN marginals of the likelihood function
p(d̂|c) as

pi(d̂|ci = 1) =
∑

c:ci=1

p(d̂|c), i = 1,2, . . . ,N,

and similarly forpi(d̂|ci = 0). We may then show:

Property 2. If the likelihood function p(d̂|c) factors
into the product of its marginals, i.e.,

p(d̂|c) = p1(d̂|c1) p2(d̂|c2) · · · pN(d̂|cN),

then:

(a) The algorithm in (5) and (6) converges in a
single iteration;

(b) The resulting pseudo-posteriors coincide with
the symbol-by-symbol maximum likelihood es-
timates for the concatenated code.

To verify, note that if p(d̂|c) is the product of its
marginals, then so is

α p(d̂|c)
N∏

j =1

U (n)
j (cj ) =

N∏
j =1

α j p(d̂|cj )U
(n)
j (cj )

in which the scalars {α j } ensure that the sum over
all outcomes equals one. Since the left-hand side of
(5) calculates thei-th marginal ratio, we may observe
that ∑

c:ci=1

p(d̂|c)
∏

j

U (n)
j (ci)∑

c:ci=0

p(d̂|c)
∏

j

U (n)
j (ci)

=
U (n)

i (1)

U (n)
i (0)

p(d̂|ci = 1)

p(d̂|ci = 0)

whenever p(d̂|c) factors as the product of its
marginals. Upon comparing with (5) we identify

T (n)
i (1)

T (n)
i (0)

=
p(d̂|ci = 1)

p(d̂|ci = 0)

for all iterations n, implying immediately that a
stationary point has been attained. We then have

N∏
j =1

T (n)
j (cj ) =

N∏
j =1

p(d̂|cj ) = p(d̂|c),

and the calculation performed by the outer decoder
in (6) becomes, fori = 1, 2, . . . ,K,∑

c:ci=1

φ(c)
∏

j

T (n)
j (ci)∑

c:ci=0

φ(c)
∏

j

T (n)
j (ci)

=

∑
c:ci=1

φ(c) p(d̂|c)∑
c:ci=0

φ(c) p(d̂|c)

=

∑
a:ai=1

p(d̂|a)∑
a:ai=0

p(d̂|a)

in which we note that each nonzero evaluation of
φ(c) p(d̂|c) may be identified with an evaluation of

p(d̂|c(a)) = p(d̂|a), since the indicator functionφ(c)
annihilates those evaluations ofp(d̂|c) for which c is
not in the outer codebook. As the outer code is sys-
tematic, we haveci = ai for i = 1, . . . ,K, allowing a
direct substitution of the variables of summation. The
final ratio which results is recognized as that obtained
from a bit-by-bit maximum likelihood metric for the
concatenated code. �

In practice, the likelihood functionp(d̂|c) need
not factor as the product of its marginals, but if
it is “close” to such a factorable function, one
would expect the algorithm to converge rapidly. This
proximity to a factorable likelihood function will in
fact hold in extreme conditions:

• High signal-to noise ratio and good channel
diversity. Let c∗ denote the true input to the
differential encoder. If the FICMA algorithm
restores a faithful rendition of the encoded
sequenced(c∗), thend̂≈ (2d(c∗)−1) and

p(d̂|c 6= c∗)

p(d̂|c = c∗)
=

exp(−‖d̂− (2d(c)−1)‖2/2σ
2)

exp(−‖d̂− (2d(c∗)−1)‖2/2σ
2)

≈ exp

(
− m2

2σ
2

)
where m2 = ‖d̂− (2d(c)− 1)‖2. As the noise
varianceσ

2 decreases, this ratio tends to zero,
so that

p(d̂|c)
σ

2→0−→ δc∗ (c) =
{

1, c = c∗;
0, c 6= c∗.

We note that the Kronecker delta function
δc∗ (c) can always be written as the product of
its marginals (which themselves are Kronecker
delta functions of the individual bits). In these
favorable conditions, the algorithm converges
rapidly, yielding the correct decoding with high
probability.
• Poor signal to noise ratio. If the noise variance

σ
2 is large, the likelihood evaluationsp(d̂|c)

become comparable in value, and approach a
uniform distribution:

p(d̂|c)
σ

2→∞−→ u(c) =
1

2N
for all c

We note that a uniform distribution likewise
factors as the product of its marginals (which
themselves are uniform distributions). For pes-
simistic signal-to-noise ratios, then, the algo-
rithm converges rapidly to a solution whose
probability of error approaches12.

For intermediate signal to noise ratios, the con-
vergence properties of iterative decoding are less
well understood, owing to the presence of loops
in the equivalent belief propagation graph [akin to
the situation for parallel concated codes (McEliece
et al., 1998) and low-density parity check codes
(Fossorieret al., 1999)]. Nonetheless, the existence
of stationary points can at least be established, sim-



ilar to (Richardson, 2000) for parallel concatenated
codes.

To this end, we recall that the Brouwer fixed point
theorem (Saaty and Bram, 1964) asserts that any
continuous map from a closed, bounded and convex
set into itself admits a fixed point. Consider the
pseudo-prior probabilitiesU (n)

i (ci = 1), which lie
between zero and one:

0≤U (n)
i (ci = 1)≤ 1, i = 1,2, . . . ,N.

This gives a closed, bounded and convex subset of
IRN. Since the pseudo-priorsU (n+1)

i (ci = 1) at the
next iteration remain within this subset, and since the
application which maps {U (n)

i (ci)} to { U (n+1)
i (ci)} is

continuous, the Brouwer theorem is satisfied, to show
that fixed points of the iteration always exist.

Note that the external description in terms of pseudo-
posteriors in (5) and (6) above applies generically
to iterative decoding of serially concatenated codes,
so that Properties 1 and 2 apply to more gen-
eral schemes described in (Benedetto and Mon-
torsi, 1996), as does the fixed-point result above.

3. EXAMPLE

We present some results and observations using a
rate 1/2 (5,7) coder converted to systematic form
for the outer coder, a block length of 512 bits
for a, an all-pole channel of the formhk = (0.6)k.
For a given packet, the limiting pseudo-posteriors
Ui(1)Ti(1) from (5) [or (6), cf. Property 1] were
observed to display one of two configurations:

• Case 1: The pseudo-posteriors tend to a nearly
binary {0,1} distribution, as illustrated in
Fig. 2.
• Case 2: The pseudo-posteriors remain comfort-

ably away from a binary distribution, as illus-
trated in Fig. 3.

Interestingly, intermediate distributions between fig-
ures 2 and 3 were never observed at convergence. For
case 2, the bit error rate was consistently found to be
in excess of 40%, often approaching a worst-case
50% bit error rate that a “coin-flip” decision device
would achieve. For case 1, on the other hand, the
decoded symbols are usually correct. Figure 4 shows
the percentage of packets for which the algorithm
converges to a “Case 1” configuration, versus the
(signal plus intersymbol interference)-to-noise ratio
[(S+ISI)/N] of the received signal, as determined
empirically using 5000 packets. For [(S+ISI)/N]
greater than 6 dB, no bit errors were detected for
“Case 1” pseudo-posteriors; at 5 dB the bit error rate
degrades to about 10−3.

If we average the bit error rate over both “Case
1” and “Case 2” configurations, we obtain values
between 10−2 and 10−1 over the 10 dB to 5 dB range
for [(S+ISI)/N], which is hardly impressive. Note
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Fig. 2. “Case 1” configuration of the pseudo-
posteriors. The decoder decisions are observed,
with high reliability, to be correct.
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Fig. 3. “Case 2” configuration of the pseudo-
posteriors: For such cases, the bit error rate is
consistently observed to exceed 40%.

that, since the differential encoder has rate 1, the
distance spectrum of the concatenated code is basi-
cally the same as the distance spectrum for the outer
code by itself. Experiments obtained by removing
the differential encoder/decoder pair yielded again
bit error rates between 10−2 and 10−1, provided the
phase ambiguity inherent to the constant modulus
equalizer is resolved. But the percentage of packets
which give the “Case 1” behavior above (i.e., nearly
binary pseudo-posteriors) drops by an order of mag-
nitude.

This indicates a potential advantage of the iterative
decoding scheme: inspection of the pseudo-posterior
distribution gives an indication of the reliability of
the result. This can be useful in bidirectional appli-
cations: by settingpi = αiTi(1)Ui(1) [where the nor-
malizing constantαi fulfills 1 − pi = αiTi(0)Ui(0)],
one can examine the average entropy over the packet
as
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Fig. 4. Percentage of packets which converge to
a “Case 1” configuration, versus the (signal
+ interference)-to-noise ratio of the received
signal.

H(p) =− 1
N

N∑
i =1

pi logpi

WhenH(p) is less than a given threshold, a “Case 1”
configuration is identified and the decoded packet is
declared reliable; otherwise a “Case 2” configuration
is declared and the receiver requests a packet retrans-
mission. Without the iterative decoding, a significant
grey zone persists between Case 1 and Case 2 con-
figurations, and the reliability of a decoded packet is
less certain.

4. CONCLUDING REMARKS

A modified turbo equalization scheme has been pro-
posed which uses neither a Viterbi decoder nor a
conventional decision feedback equalizer, since the
implementation of either in practice requires accurate
knowledge of the channel impulse response and/or
the use of training sequences. The present scheme, by
contrast, works in a completely blind manner, by ex-
ploiting a finite-interval constant modulus algorithm
(Regalia, 2002). Since the constant modulus criterion
is phase blind, differential encoding is included. By
interpreting the differential code as a unit rate trellis
code, the decoding algorithm can be iteratively linked
with the trellis decoder of the outer (or error correc-
tion) code, by straightforward adaption of iterative
decoding of serial codes (Douillardet al., 1995),
(Benedetto and Montorsi, 1996).

The inclusion of a rate-one differential encoder does
not improve the distance properties of the code, and
therefore should not improve the bit error rate if
maximum likelihood decoding were available. But
the iterative turbo-decoding algorithm applied here
is not, in general, a maximum likelihood decoder,
unless the likelihood factorization of Property 2 hap-
pens to apply. The converged probabilities furnished

by the iterative decoder, however, are observed to
approach a binary distribution whenever the decoding
appears correct, indicating high reliability, unlike
the maximum likelihood decoding rule which need
not approach a binary distribution for “correctly
decoded” results. This property, however, would ap-
pear dependent on the constituent codes used in the
concatenation, and is therefore a subject for further
study.
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