BASICSON MARKOV CHAINS

We consider successive trials with possible outcomes E,,E,,....Let us define (X,), the
sequence of random variables such as:

{X, =K}={E, istheoutcomeof then"trial }

(X,).., issaid to beaMarkov chain if and only if:
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Thisrelation is known as the Markov property.

If we associate atime scale to the sequence of trials,
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n corresponds to the future
n-1 corresponds to the present
1 to( n-2) corresponds to the past

Then, the Markov property can be stated as follows:

P{Future/Present and Past} = P{Future/ Present}

Furthermore (X, )., ishomogeneousif and only if:
On,j,i P{X,=j/X,, =i} doesnot depend onn..

Sowe can denote p, = P{X, = j/X,, =i}



These conditional probabilities p; are called transition probabilities. If the number of statesis
finite (for instance n,), they can be arranged in a transition probability matrix T so that the

first subscript (i) stands for row and the second (j) for column. T is a square matrix (n, X n,)
with non negative elements and unit row sums.
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Another way of describing a Markov chain consists of sketching the transition graph: an array
links a state E; to astate E; when atrangition (in one step) from E; to E; is possible, i.e.

when p; >0. So each term different from zero in the transition probability matrix is
associated with an array in the graph.

Example

Let us consider aMarkov chain whose probability transition matrix is given by:

/" El EZ E3 E4

E (12 12 0 0 )
E, 34 14 0 0
T=
Es 172 0 0 1/2
0 0 1/2 1/2
B _




The graph can be sketched as follows:
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From the graph, we can notice that:

starting from E;, we can reach E,. So E, leads to E,.And starting from E,, we can
reach E,, so E, and E, communicate.

- E;leadsto E, but as E, doesnot lead to E,, E, and E, do not communicate.

Starting from E,, we aresureto returnto it as

P{not toreturnto E, / we start from El}:%x lim BA%[H =0
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E, issaid to berecurrent

starting from E,, we are not sure to return to it since if we reach E,, it will be impossible
toreturnto E,. E, issaid to betransient.

As E, and E, (respectively E, and E,) communicate, they are of the same type, i.e. E,
(respectively E,) isrecurrent (respectively transient).

- The states which communicate with each other form a subset called a class.

- A class is said to recurrent (respectively transient) if its elements are recurrent
(respectively transient).

- A recurrent class R is an absorbing class in the sense that no element outside R can be
reached by any of the elements of R.



(E,.E,) formsarecurrent classwhile (E,,E,) isatransient class.

ASYMPTOTIC BEHAVIOUR OF A MARKOV CHAIN
The asymptotic behaviour of aMarkov chain is described by the following theorem:

Let (X,)., be aMarkov chain having a finite number of states n, with T as transition
probability matrix. We assumethat (X, ) . has one single recurrent class. Then:

n=1

a stationary (or invariant) probability distribution g exists and satisfies the equation
U =puxT . uisarow vector (pl,,uz,...,pno) such as:

Ok 1sksn, g, =limP{X, =k}
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In other words, it means that after a sufficiently long time, the probability distribution will be
approximately invariant.

The stationary probabilities of the transient states are null since, after a sufficiently long time,
we are sure not to return to a transient state. Consequently, to solve the equation u = uxT

for u, we can limit ourselves to the probability transition sub-matrix T* which concerns only
the recurrent states.

Let us resume our example:
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There is only one recurrent class (E,,E,), so we know from the theorem that a stationary
probability distribution exists.

As E; and E, are transient states, we limit ourselves to the sub-matrix T’:
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Let us denote u = (x, y) the stationary probability distribution. We have to solve the system:
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+y=1 (asuisa probability distribution)
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Eventually, we get:
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